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Abstract

Vanishing point locations play a critical role in determining the perspective orientation of textured planes. However, if
only a single vanishing point is available then the problem is undetermined. The tilt direction must be computed using
supplementary information such as the texture gradient. In this paper we describe a method for multiple vanishing point
and, hence complete perspective pose estimation, which obviates the need to compute the texture gradient. The method is
based on local spectral analysis. It exploits the fact that spectral orientation is uniform along lines that radiate from
vanishing points on the image plane. We experiment with the new method on both synthetic and real-world imagery.
This demonstrates that the method provides accurate pose angle estimates, even when the slant angle is large. ( 2000
Pattern Recognition Society. Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

The perspective foreshortening of surface patterns is
an important one for the recovery of surface orientation
from 2D images [1,2]. Broadly speaking there are two
routes to recover the parameters of perspective projec-
tion for texture patterns. The "rst of these is to estimate
the texture gradient [3,4]. Geometrically, the texture
gradient determines the tilt direction of the plane in the
line-of-sight of the observer and its magnitude deter-
mines the slant angle of the plane. A more direct and
geometrically intuitive alternative route to the local slant
and tilt parameters of the surface is to estimate the
whereabouts of vanishing points [5,6]. When only a
single vanishing point is available, the direction of the
texture gradient is still a pre-requisite since the surface
orientation parameters can only be determined provided

that the tilt direction is known. However, if two or more
vanishing points are available, then not only can the slant
and tilt be determined uniquely, they can also be deter-
mined more accurately.

Unfortunately, the location of a single vanishing point
from texture distribution is not itself a straightforward
task. If direct analysis is being attempted in the spatial
domain, then the tractability of the problem hinges on
the regularity and structure of the texture primitives
[5,6]. Moreover, multiple vanishing point detection may
be even more elusive. It is for this reason that frequency
domain analysis o!ers an attractive alternative. The
main reason for this is that the analysis of spectral
moments can provide a convenient means of identifying
the individual radial patterns associated with multiple
vanishing points.

1.1. Related literature

To set the work reported in this paper in context we
provide an overview of the related literature. We com-
mence by considering texture gradient methods for shape
from texture. Broadly speaking, there are two ways in
which texture gradients can be used for shape estimation.
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The "rst of these is to perform a structural analysis of
pre-segmented texture primitives using the geometry
of edges, lines or arcs [7}9]. The attractive feature of
such methods is the way in which their natural notion
of perspective appeals to the psychophysics of visual
perception. Unfortunately, structural approaches are
heavily dependant on the existence of reliable methods
for extracting the required geometric primitives from
the raw texture images. Moreover, they cannot cope
with scenes in which there are no well-de"ned texture
elements.

As mentioned above, the second approach is to cast
the problem of shape-from-texture in the frequency do-
main [10}13]. The main advantage of the frequency
domain approach is that it does not require an image
segmentation as a pre-requisite. For this reason it is
potentially more robust than its structural counterpart.
Bajcsy and Lieberman [14] were among the "rst to use
frequency analysis in order to recover shape from texture.
Their work is based on the analysis of the frequency
energy gradient for oblique views of outdoor images.
Subsequently, the frequency domain has been exploited
to provide both local and global descriptions of the
perspective distortion of textured surfaces. Speci"cally,
Super and Bovik [11] describe texture information in
terms of local spectral frequencies. Perspective pose is
recovered by back-projecting the spectral energy to mini-
mise a variance criterion. Stone [15] has proposed an
iterative method based on a similar local frequency de-
composition. The novel feature is to include feedback
into the back-projection process, whereby the local fre-
quency "lters undergo a$ne transformation. In this way
the method is able to improve the spectral analysis for
planes at high slant angles by using an adaptive scale.
Underpinning these latter two methods is the local a$ne
analysis of the spectral decomposition of textures under
global perspective projection. In this respect, there are
similarities with the work of Malik and Rosenholtz [16]
which provides an a$ne quilting for neighbouring
texture patches.

Alternatively, planar orientation can be recovered
provided that vanishing points in the image plane can
be detected. Since most textures are normally rich in
geometric distortion when viewed under perspective
geometry, vanishing points can be detected based on the
projected texture and used to solve for planar surface
orientation [5,6]. For example, Kender has proposed an
aggregation transform which accumulates edges direc-
tions of the texture primitives in order to estimate a van-
ishing point for planar surfaces [5]. Kwon et al., on the
other hand have employed mathematical morphology
in order to estimate planar surface orientation from the
location of a single vanishing point [6]. These methods,
however, approach the texture analysis in a structural
manner. They are hence limited by the inherent draw-
backs mentioned above.

1.2. Paper outline

The aim of the work reported in this paper is to
combine the advantages of the local spectral analysis of
textures with the geometry of vanishing point detection
in order to recover planar surface orientation. To achieve
this goal, we model the texture content in terms of the
local spectral frequency. This provides a more general
representation of texture. It is therefore both more #ex-
ible and more stable to local texture variations. However,
rather then using the radial frequency [11,14], we use
the angular information provided by the local spectral
distribution.

Our aims are twofold. Firstly, we introduce the pre-
requisites for our study by providing a detailed review of
the properties of the local spectral moments under per-
spective geometry. We commence by considering the
local distortions of the spectral moments. Here, we follow
Super and Bovik [11] and Krumm and Shafer [10] by
using the Taylor expansion to make a local linear ap-
proximation to the transformation between texture plane
and image plane. In other words, we identify the a$ne
transformation that locally approximates the global per-
spective geometry. With this local approximation to
hand, we follow Malik and Rosenholtz [13] by applying
Bracewell's [17] a$ne Fourier theorem to compute the
local frequency domain distortions of the spectral distri-
bution. Based on this analysis we make a novel contribu-
tion and show that lines of uniform spectral orientation
radiate from the vanishing point. The practical contribu-
tion in this paper is to exploit this property to locate
multiple vanishing points. We provide an analysis to
show how the slant and tilt parameters can be recovered
from a pair of such points. We illustrate the new method
for estimating plane orientation on a variety of real-
world and synthetic imagery. This study reveals that the
method is accurate even when the slant angle becomes
large.

The outline of this paper is as follows. In Section 2 we
review the perspective geometry of texture planes. Sec-
tion 3 shows how the vanishing point position is related
to the slant and tilt angles of the texture plane. Details
of the projective distortion of the power spectrum are
presented in Section 4. These three sections provide the
mathematical prerequisites for our study. They provide a
synopsis of existing results widely used for shape-from-
texture. For instance, Super and Bovik [11] and Krumm
and Shafer [10] have both made use of locally a$ne
approximations of perspective geometry. The relation-
ship between perspective pose parameters and vanishing
point position is nicely described in the textbook of
Haralick and Shapiro [18]. The Fourier analysis of local
spectra under a$ne projection is exploited by Malik and
Rosenholtz [13] in their work on curved surface analysis.
Section 5 develops the novel idea underpinning the
paper, namely, that lines radiating from vanishing points

1600 E. Ribeiro, E.R. Hancock / Pattern Recognition 33 (2000) 1599}1610



Fig. 1. Perspective projection of a planar surface onto an image plane. The projection of a local patch over the texture plane onto the
image plane is also shown.

have a uniform spectral angle. Section 6 experiments with
the new method for estimating perspective pose on both
synthetic and real-world images, Finally, Section 7 o!ers
some conclusions.

2. Geometric modelling

We commence by reviewing the projective geometry
for the perspective transformation of points on a plane.
Speci"cally, we are interested in the perspective trans-
formation between the object-centred co-ordinates of the
points on the texture plane and the viewer-centred co-
ordinates of the corresponding points on the image plane
as shown in Fig. 1. Suppose that the texture plane is a
distance h from the camera which has focal length f(0.
Consider two corresponding points that have co-ordina-
tes X

t
"(x

t
, y

t
)T on the texture plane and X

i
"(x

i
, y

i
)T

on the image plane. The perspective transformation be-
tween the two co-ordinate systems is

X
i
"¹

p
X

t
, (1)

where ¹
p

is the perspective transformation matrix. We
represent the orientation of the viewed surface plane
using the slant angle p and tilt angle q. This parametrisa-

tion is a natural way to model local surface orientation.
Fig. 2 illustrates the slant and tilt model. For a given
plane, considering a viewer-centred representation,
the slant is the angle between viewer sight line and the
normal vector of the plane. The tilt is the angle of rota-
tion of the normal vector around the sight line axis. The
elements of the transformation matrix ¹

p
can be com-

puted using the slant angle p and tilt angle q in the
following manner:

¹
p
"

f cos p
h!x

t
sin p C

cos q !sin q

sin q cos q D C
1 0

0 1
#04 pD

. (2)

The perspective transformation in Eq. (2) represents a
non-linear geometric distortion of a surface texture pat-
tern onto an image plane pattern. Unfortunately, the
non-linear nature of the transformation makes Fourier
domain analysis of the texture frequency distribution
somewhat intractable. In order to proceed, we therefore
derive a local linear approximation to the perspective
transformation. However, it should be stressed that the
global quilting of the local approximations preserves
the perspective e!ects required for the recovery of shape-
from-texture. With this linear model, the perspective
distortion can be represented as shown in Fig. 3. In the
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Fig. 2. Slant and tilt parametrisation of the plane orientation.

Fig. 3. Perspective mapping of X
t

to X
i

where ¹H
p

is a linear
version of the perspective projection. ¹H

p
is an a$ne transforma-

tion between X
t
and X

i
.

diagram, ¹H
p

is the linear version of the perspective trans-
formation given by Eq. (2).

Linear approximations of the local spectral distortion
due to perspective projection have been employed by
several authors in spectral shape-from-texture. Super and
Bovik [11] derive their geometric model in terms of the
instantaneous frequency at a point of the image plane.
Krumm and Shafer [10] use a "rst-order Taylor series
approximation of the perspective projection at a local
point. Malik and Rosenholtz [16] employ a di!erential
approximation of the local spectral perspective distor-
tion.

We follow Krumm and Shafer [10] and linearize
¹

p
using a "rst-order Taylor formula. Our transforma-

tion, however, is given in terms of the slant and tilt angles

instead of the normal vector components p and q. Let
(xo

t
, yo

t
, h) be the origin or expansion point of the local

co-ordinate system of the resulting a$ne transformation.
This origin projects to the point (xo

i
, yo

i
, f ) on the image

plane. We denote the corresponding local co-ordinate
system on the image plane by X@

i
"(x@

i
, y@

i
, f ) where

x
i
"x@

i
#xo

i
and y

i
"y@

i
#yo

i
. The linearised version of

¹
p

in Eq. (2) is obtained through the Jacobian J(.) of
X

i
where each partial derivative is calculated at the point

X@
i
"0. After the necessary algebra, the resulting linear

approximation is

¹H
p
"J(X

i
)D
(X@

i/0)
"J(¹

p
X

t
)D
(X@

i/0)
, (3)

where

J(X
i
)"C

L
Lx@

i

x
t
(x@

i
, y@

i
)

L
Ly@

i

x
t
(x@

i
, y@

i
)

L
Lx@

i

y
t
(x@

i
, y@

i
)

L
Ly@

i

y
t
(x@

i
, y@

i
)D . (4)

Rewriting ¹H
p

is terms of the slant and tilt angles we have

¹H
p
"

)
hf cos p C

xo
i
sin p#f cos q cos p !f sin q

yo
i
sin p#f sin q cos p f cos q D , (5)

where )"f cos p#sin p(xo
i
cos q#yo

i
sin q). Hence,

¹H
p

depends on the expansion point (xo
i
, yo

i
) which is

a constant.
The transformation ¹H

p
in Eq. (5) operates from the

texture plane to the image plane. Later on when we come
to consider the Fourier transform from the observed
texture distribution on the image plane to that on the
texture plane, it is the inverse of the transpose trans-
formation matrix, i.e. (¹H~1

p
)T which will be of interest.

The matrix is given by

(¹H~1
p

)T"
h cos p

X2 C
f cos q !yo

i
sin p!f sin q cos p

f sin q xo
i
sin p#f cos q cos p D.

(6)

3. Vanishing points

The net e!ect of the global perspective transformation
is to distort the viewer-centred texture pattern in the
direction of the vanishing point V"(x

v
, y

v
)T in the image

plane. Suppose that the object-centred texture pattern
consists of a family of parallel lines which are oriented in
the direction of the vanishing point. When transformed
into the image-centred co-ordinate system, this family of
lines can be represented using the following set of para-
metric equations [18]:

¸"MX
4
DX

4
"A#jBN, (7)

where j is the parameter of the family. The three con-
stants forming the vector B"(b

1
, b

2
, b

3
)T are the direc-

tion cosines for the entire family ¸. The individual lines in
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¸ are each parametrised by the vector A"(a
1
, a

2
, a

3
)T.

The co-ordinates of the vanishing point V"(x
v
, y

v
)T are

computed using the standard perspective projection
equations x

i
"( f/(x

t
!h)) x

t
and y

i
"( f/(x

t
!h))y

t
. The

vanishing point is found by taking the limit of the co-
ordinates as jPR, i.e.

x
v
" lim

j?=
x
i
" lim

j?=
f

a
1
#jb

1
a
3
#jb

3
!h

"f
b
1

b
3

,

y
v
" lim

j?=
y
i
" lim

j?=
f

a
2
#jb

2
a
3
#jb

3
!h

"f
b
2

b
3

. (8)

Suppose that the vector N"(p, q, 1)T represents the sur-
face-normal to the texture-plane in the viewer-centred
co-ordinate system of the image. Since every line lying on
the texture-plane will be perpendicular to the normal
vector, then by using Eq. (8) we have

N 'B"pb
1
#qb

2
#b

3
"p A

x
v
b
3

f B
#q A

y
v
b
3

f B#b
3
"0. (9)

Since bO0, this implies that px
v
#qy

v
#f"0. In

order to solve this equation and to determine the surface
plane normal vector, we need to estimate two di!erent
vanishing points in the image plane. Suppose that the
two points are V

1
"(x

v1
, y

v1
)T and V

2
"(x

v2
, y

v2
)T. The

resulting normal vector components p and q are found by
solving the system of simultaneous linear equations

C
x
v1

y
v1

x
v2

y
v2
D C

p

qD"!C
f

f D. (10)

The solution parameters, p and q are

p"f
y
v1
!y

v2
x
v1

y
v2
!x

v2
y
v1

, q"f
x
v2
!x

v1
x
v1

y
v2
!x

v2
y
v1

. (11)

Using the two slope parameters, the slant and tilt angles
are computed using the formulae

p"arccosA
1

Jp2#q2#1B, r"arctanA
q

pB. (12)

4. Projective distortion of the power spectrum

In Section 2 we described the a$ne approximation
of the perspective projection using a "rst-order Taylor
series. The approximation allows us to model the global
perspective geometry using local a$ne patches which
are quilted together. The model is similar to the scaled
orthographic projection [19]. Furthermore, in Section 3
we presented the geometric relationships necessary to
recover planar surface orientation from two vanishing
points in the image. In this section we will develop these

ideas one step further by showing how the spectral con-
tent of the locally a$ne patches relates to the global
parameters of perspective geometry. Speci"cally, we will
describe how the vanishing point position V"(x

v
, y

v
)

can be estimated from local spectral information.
The Fourier transform provides a representation of the

spatial frequency distribution of a signal. In this section
we show how local spectral distortion resulting from our
linear approximation of the perspective projection of
a texture patch can be computed using an a$ne trans-
formation of the Fourier representation. We will com-
mence by using an a$ne transform property of the
Fourier domain [17]. This property relates the linear
e!ect of an a$ne transformation A in the spatial domain
to the frequency domain distribution. Suppose that G(.)
represents the Fourier transform of a signal. Further-
more, let X be a vector of spatial co-ordinates and let
U be the corresponding vector of frequencies. According
to Bracewell et al., the distribution of image-plane fre-
quencies U

t
resulting from the Fourier transform of the

a$ne transformation X
i
"AX

t
#B is given by

G(U
i
)"

1

Ddet(A)D
e2pjU

T
t A

~1
BG[(AT)~1U

t
]. (13)

In our case, the a$ne transformation is ¹H
p

as given in
Eq. (5) and there are no translation coe$cients, i.e.,
B"0. As a result Eq. (13) simpli"es to

G(U
i
)"

1

Ddet(¹H
p
)D

G[(¹HT
p

)~1U
t
]. (14)

In other words, the e!ect of the a$ne transformation
of co-ordinates ¹H

p
induces an a$ne transformation

(¹HT
p
)~1 on the texture-plane frequency distribution. The

spatial domain transformation matrix and the frequency
domain transformation matrix are simply the inverse
transpose on one-another.

We will consider here only the a$ne distortion over
the frequency peaks, i.e., the energy amplitude will not be
considered in the analysis. For practical purposes we will
use local power spectrum as the spectral representation
of the image. This describes the energy distribution of the
signal as a function of its frequency content. In this way
we will ignore complications introduced by phase in-
formation. Using the power spectrum, small changes in
phase due to translation will not a!ect the spectral in-
formation and Eq. (14) will hold.

Our overall goal is to consider the e!ect of perspective
transformation on the power-spectrum. In practice, how-
ever, we will be concerned with periodic textures in which
the power spectrum is strongly peaked. In this case we
can con"ne our attention to the way in which the domi-
nant frequency components transform. According to our
a$ne approximation and Eq. (14), the way the Fourier
domain transforms locally is governed by

U
i
"(¹HT

p
)~1U

t
. (15)
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Fig. 4. Normal form for lines radiating from a vanishing point
(x

v
, y

v
). A local spectral component centred at a point (xo

i
, yo

i
)

point over the line is also shown.

In the next section we will use this local spectral distor-
tion model to establish some properties of the projected
spectral distribution in the viewer-centred co-ordinate
system. In particular, we will show that lines radiating
from the vanishing point connect points with identically
oriented spectral components. We will exploit this prop-
erty to develop a geometric algorithm for recovering the
image-plane position of the vanishing-point, and hence,
for estimating the orientation of the texture-plane.

5. Lines of constant spectral orientation

In this section we focus on the directional properties of
the local spectrum distribution. We will show how the
uniformity of the spectral angle over the image plane can
be used to estimate the vanishing point location and
hence compute planar surface orientation.

On the texture plane the frequency-domain angle of
the unprojected spectral component is given by b"arc-
tan(v

t
/u

t
). Using the a$ne transformation of frequencies

given in Eq. (15), and the transformation in Eq. (5), after
perspective projection, the corresponding frequency do-
main angle in the image plane is

a"arctanC
v
i

u
i
D

"arctanC
u
t
f sin q#v

t
(xo

i
sin p#f cos q cos p)

u
t
f cos q!v

t
(yo

i
sin p#f sin q cos p)D .

(16)

For simplicity, we con"ne our attention to a rotated
system of image-plane co-ordinates in which the x-axis is
aligned in the tilt direction. In this rotated system of
co-ordinates, the above expression for the image-plane
spectral angle simpli"es to

a"!arctanC
( f cos p#xo

i
sin p)v

t
yo

i
v
t
sin p!fu

t
D . (17)

Let us now consider a line in the image plane radiating
from a vanishing point which results from the projection
to a family of horizontal parallel lines on the texture
plane. This family of parallel lines would originally be
described by the spectral component U

s
"(0, v

t
)T. After

perspective projection this family of parallel lines can be
written in the `normal-distancea representation as

L : r"xo
i
cos h#yo

i
sin h ∀(xo

i
, yo

i
) 3 L, (18)

where r is the length of the normal from the line to the
origin, and, h is the angle subtended between the line-
normal and the x-axis. Fig. 4 illustrates the geometry of
this line representation together with the angle a of the
spectral component at the point of expansion (xo

i
, yo

i
).

Since this line passes through the vanishing point
V"(x

v
, y

v
)"(!f cos p/sin p, 0)T on the image plane,

for f(0, r can also be written as

r"x
v
cos h#y

v
sin h"

!f cos p
sin p

cos h. (19)

Substituting Eq. (19) into Eq. (18) and solving for yo
i
we

obtain

yo
i
"!A

f cos p#xo
i
sin p

tan h sin p B. (20)

By substituting the above expression in Eq. (17) and
using the fact that u

s
"0, after some simpli"cation

we "nd that a"h, ∀(xo
i
, yo

i
)3L. As a result, each

line belonging to the family L connects points on the
image plane whose local spectral distributions have a
uniform spectral angle a. These lines will intercept at
a unique point which is a vanishing point on the image
plane.

By using this property we can "nd the co-ordinates of
vanishing points on the image plane by connecting those
points which have corresponding spectral components
with identical spectral angles. We meet this goal by
searching lines for which the angular correlation between
the spectral moments is maximum. To proceed we adopt
a polar representation for the power spectrum. Suppose
Pga(g, a) is the power spectrum in polar co-ordinates
where g"Ju2

i
#v2

i
is the radial variable and a"arc-

tan (v
i
/u

i
) is the angular variable. Integrating over the

radial variable, the angular power-spectrum is given by

Pa (a)"P
0

g
Pga(g, a) dg. (21)

The angular distribution of spectral power at any given
image can now be matched against those of similar
orientation by maximising angular correlation. For the
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Fig. 5. Arti"cial texture images: Group 1*sinusoidal texture images.

purpose of matching we use the normalised correlation

o"
:aPa (a)P@a (a) da

:aPa (a) da:aP@a (a) da
, (22)

where Pa (a) and P@a (a) are the two angular distributions
being compared. The points with the highest values of o
can be now connected to determine a line pointing in the
direction of the vanishing point.

To compute the angular power distribution Pa (a) we
require a way of sampling the local power spectrum. In
particular, we need a sampling procedure which provides
a means of recovering the angular orientation informa-
tion residing in the peaks of the power spectrum. We
accomplish this by simply searching for local maxima
over a "ltered representation of the local power spec-
trum. Since we are interested in the angular information
rather than the frequency contents of the power spec-
trum, we ignore the very low-requency components of
the power spectrum since these mainly describe micro-
texture patterns or very slow energy variation. In order
to obtain a smooth spectral response we therefore use the
Blackman}Tukey(B¹) power-spectrum estimator which
is the frequency response of the windowed autocorrela-
tion function. We employ a triangular smoothing win-
dow w(X) [20] due to its stable spectral response. The
spectral estimator is then

P(U
i
)BT"FMc

xx
(X

i
)]w(X

i
)N, (23)

where c
xx

is the estimated autocorrelation function of the
image patch. Providing that we have at least two repre-
sentative spectral peaks we can directly generate line
directions according to the angular property we have
described in previous the section of this paper. We can
use as many distinct spectral components as we can
estimate. However, a two-component decomposition is
su$cient for our purposes.

6. Experiments

In this section we provide some results which illustrate
the accuracy of planar pose estimation achievable with
our new shape-from-texture algorithm. This evaluation
is divided into three parts. We commence by considering
textures with known ground-truth slant and tilt. This
part of the study is based on both synthetic textures and
projected Brodatz textures [21]. The second part of our
experimental study focuses on natural texture planes
where the ground truth is unknown. In order to give
some idea of the accuracy of the slant and tilt estimation
process, we back-project the textures onto the fronto-
parallel plane. Since the textures are man-made and
rectilinear in nature, the inaccuracies in the estimation
process manifest themselves as residual skew. Finally, we
compare the sensitivity of the new method based on
multiple vanishing points with that of a gradient based or
single vanishing point method.
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Fig. 6. Arti"cial texture images: Group 2*regular geometric images.

Table 1
Actual]estimated slant and tilt values (Arti"cial Group 1)

Image Actual Estimated Abs. Error

(p) (q) (p@) (q@) p@ q@

(a) 20 0 19.7 0.0 0.3 0.0
(b) 30 !30 30.0 !28.2 0.0 1.8
(c) 45 45 44.7 46.0 0.3 1.0
(d) 50 225 51.1 225.4 1.1 0.4
(e) 60 120 58.7 118.3 1.3 1.7
(f ) 70 0 72.5 !0.3 2.5 0.3

6.1. Synthetic texture planes

We commence with some examples for a synthetic
regular sinusoid texture. Fig. 5 shows the synthetic tex-
ture in a number of poses. Superimposed on the textures
are some of the detected lines radiating from the vanish-
ing points. In Table 1 we list the ground-truth and
estimated orientation angles. Also listed is the absolute
error. The agreement between the ground-truth and esti-
mated values is generally very good. A point to note from
these "rst set of images is that the estimated slant error is

proportional to the slant angle. This is due to the signi"-
cant variations of the texture scale for larger slant angles.
This suggests that an adaptive scale process should be
used to improve the accuracy of the method. From the
results obtained from this set of images, there is no
systematic variation in the tilt angle errors which have an
average value of 0.83. The average error for the slant
angle is 0.93.

A second group of arti"cial images is shown in Fig. 6.
In this group we have taken three di!erent arti"cial
textures and have projected them onto planes of known
slant and tilt. The textures are composed of regularly
spaced geometric primitives of uniform size. Speci"cally,
we have chosen elliptical, rectangular and lattice shaped
primitives. However, it is important to stress that in this
case the texture elements are not oriented in the direction
of the vanishing point. Superimposed on the projected
textures are the estimated lines of uniform spectral ori-
entation. In Table 2 we list the ground-truth and esti-
mated values of the slant and tilt angles together with the
corresponding errors. The agreement between the esti-
mated and ground-truth angles is good. Moreover, the
computed errors are largely independent of the slant
angle. The average slant-error is 13 and the average
tilt-error is 2.53.
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Fig. 7. Natural texture images: Group 3*Arti"cially projected Brodatz textures. (a) and (b) D101; (b) and (c) D1; (d) and (e) D20.

Table 2
Actual]estimated slant and tilt values (Arti"cial Group 2)

Image Actual Estimated Abs. Error

(p) (q) (p@) (q@) p@ q@

(a) 20 0 20.1 1.0 0.1 1.0
(b) 45 45 46.2 46.4 1.2 1.4
(c) 30 !30 30.0 !32.4 0.0 2.4
(d) 50 225 49.5 222.4 0.5 2.6
(e) 30 !30 30.1 !35.2 0.1 5.2
(f ) 45 45 41.2 44.0 3.8 1.0

Table 3
Actual]estimated slant and tilt values (Brodatz Textures)

Image Actual Estimated Abs. Error

(p) (q) (p@) (q@) p@ q@

(a) 30 0 34.5 0.0 4.5 0.0
(b) 50 225 53.9 223.5 3.9 1.5
(c) 30 0 27.5 0.0 2.5 0.0
(d) 45 45 51.7 44.6 6.7 0.4
(e) 30 !30 30.4 !23.3 0.4 6.7
(f ) 60 120 59.6 125.0 0.4 5.0

A third group of images is shown in Fig. 7. In this
group we have taken three di!erent texture images from
the Brodatz album and have projected them onto planes
of known slant and tilt. The textures are regular natural
textures of almost regular element distribution. Superim-
posed on the projected textures are the estimated lines
of uniform spectral orientation. The values for the esti-
mated orientation angles are listed in Table 3.

6.2. Real-world examples

This part of the experimental work focuses on real-
world textures with unknown ground-truth. The textures
used in this study are two views of a brick wall, a York
pantile roof and the lattice casing enclosing a PC moni-
tor. The images were collected using a Kodak DC210
digital camera and are shown in Fig. 8. There is some
geometric distortion of the images due to camera optics.
This can be seen by placing a ruler or straight edge on the
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Fig. 8. Outdoor texture images. (a) and (b) Brick wall; (c) Roof; (d) PC casing.

Fig. 9. Back-projected outdoor texture images. (a) and (b) Brick wall; (c) Roof; (d) PC casing.

brick-wall images and observing the deviations along the
lines of mortar between the bricks.

Superimposed on the images are the lines of uniform
spectral orientation. In the case of the brick-wall images
these closely follow the mortar lines. In Fig. 9 we show
the back-projection of the textures onto the fronto-paral-
lel plane using the estimated orientation angles. In the
case of the brick wall, any residual skew is due to error in
the estimation of the slant and tilt parameters. It is clear
that the slant and tilt estimates are accurate but that
there is some residual skew due to poor tilt estimation.

6.3. Sensitivity analysis: multiple vanishing point and the
gradient based-method

Finally, we provide some comparison between our two
vanishing point method and the use of a single vanishing
point in conjunction with texture gradient information
[22]. In this analysis we investigate the behaviour of the
estimated orientation with varying slant and tilt angles.
We use a sinusoidal image texture of the sort used in
Fig. 5.

We commence by studying the errors for the slant and
tilt angle estimation when only the slant angle varies. The
graphs in Fig. 10 plot the slant and tilt errors when the
orientation varies from 103 to 803 and the tilt angle
remains constant at 03. In Fig. 10(a), the slant error is
considerably larger for the gradient-based method than
for the multiple vanishing point method. Moreover, our

new method provides better estimates for small slant
angles. It is worth commenting that since we operate with
a single "xed-scale representation of the power spectrum,
there is a danger of texture sampling errors for large slant
angles. However, the average slant error is still small and
around 23. The average slant error for the gradient
method is this case is 9.53.

Turning our attention for the tilt error in Fig. 10(b), we
observe that the new method accurately estimates the tilt
angle, except when the slant angle is greater than 503.
Again the "xed-scale problem can be observed. The accu-
racy of the gradient-based method is low for very small
slant angles. This is due to di$culties in estimating the
direction of the energy gradient due to small variations in
texture density with location on the image plane. In the
case of tilt estimation, both methods have similar accu-
racy for medium slant angles. However, the gradient-
based method also looses accuracy for larger slant angles
due to problems related to the texture scale.

In Fig. 11 we show the estimation error under varying
tilt and "xed slant angle. The tilt varies over the range
from 03 to 1703, whilst the slant angle remains constant at
403. In Fig. 11(a) we show the slant error. The error for
the new multiple vanishing point method is very small
and almost constant with an average of 0.83. By contrast,
the average error for the gradient method is 133. In
Fig. 11(b) where we plot the tilt error, there is little to
distinguish the two methods. The average value for
the tilt error for the new method is 2.43 while for the
gradient-based method it is 2.83.
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Fig. 10. Slant/tilt error plot for both methods. Image slant
varying from 10 to 803. (a) estimated slant error; (b) estimated
tilt error.

Fig. 11. Slant/tilt error plot for both methods. Image tilt varying
from 0 to 1703. (a) estimated slant error; (b) estimated tilt error.

7. Conclusions

We have described an algorithm for estimating the
perspective pose of textured planes from pairs of vanish-
ing points. The method searches for sets of lines that
connect points which have identically oriented spectral
moments. These lines intercept at the vanishing point.
The main advantage of the method is that it does not rely
on potentially unreliable texture gradient estimates to
constrain the tilt angle. As a result the estimated tilt
angles are more accurately determined.

There are a number of ways in which the ideas present-
ed in this paper can be extended. In the "rst instance, we
are considering ways of improving the search for the
vanishing points. Speci"c candidates include Hough-
based voting methods. The second line of investigation is
to extend our ideas to curved surfaces, using the method
to estimate local slant and tilt parameters. Studies aimed

at developing these ideas are in hand and will be reported
in due course.
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