RECURRENCE EQUATION

We solve recurrence equations often in analyzing complexity of algorithms, circuits, and such other cases.

A homogeneous recurrence equation is written as:

a0tn + a1tn-1 + . . . . + aktn-k = 0.

Solution technique:

Step 1: Set up a corresponding Characteristic Equation:

a0 xn + a1 x(n-1) + …. + ak x(n-k) = 0,

x(n-k) [a0 xk + a1 x(k-1) + … +ak ] = 0,

a0xk + a1xk-1 + . . . . + ak = 0  [ for x =/= 0]

Step 2: Solve the characteristic equation as a polynomial equation. Say, the real roots are r1, r2, . . . . , rk.  Note, there are k solutions for k-th order polynomial equation.

Step 3: The general solution for the original recurrence equation is:

tn = (i=1kcirin
Step 4: Using initial conditions (if available) solve for the coefficients in above equation in order to find the particular solution.

Example 1:

tn – 3tn-1 – 4tn-2 = 0, for n >= 2.
{Initial condition: t0=0, t1=1}

Characteristic equation: xn – 3x(n-1) – 4x(n-2) = 0,

Or, 
x(n-2) [x2 –3x –4] = 0,

Or, 
x2 – 3x – 4 = 0,

Or, 
x2 + x – 4x – 4 = 0,

Or, 
x(x+1) –4(x+1) = 0,

Or, 
(x+1)(x-4) = 0,

Therefore, roots are, x = -1, 4.

So, the general solution of the given recurrence equation is:

tn = c1*(-1)n   +  c2*(4n)

Use t0 = c1 + c2 = 0,  and  t1 = -c1 + 4c2 = 1.  [Note, we need two initial conditions for two coefficients.]

Sove for c1 and c2,

c1 = -(1/5),   c2 = (1/5).

So, the particular solution is:

tn = (1/5)[4n – (-1)n]
= ((4n)

End example.

Inhomogeneous recurrence equation

a0tn + a1tn-1 + . . . . + aktn-k = bnp(n),   where b is a 

constant and p(n) is a polynomial of order n.

Solution technique:

Step 0: Homogenize the given equation to an equivalent homogeneous recurrence equation form.

Step 1 through 3 (or 4) are the same as in the case of solving homogeneous recurrence equation.

Example 2:

tn – 2tn-1 = 3n.  [Note, this is a special case with p(n) =1, polynomial of 0-th order, and there is no initial condition – so we get the general solution only.]

Transform with n->n+1:   

tn+1 – 2tn = 3n+1 
Eqn(1).

Multiply original eqn with 3 on both the sides:

3tn – 6tn-1 = 3n+1 
Eqn(2).

Subtract Eqn(2) from Eqn(1):

tn+1 – 5tn + 6tn-1 = 0,  this is a homogeneous recurrence equation which is equivalent to the given inhomogeneous equation.

Characteristic equation: x2 – 5 x + 6 = 0.

Which is (x-2)(x-3) = 0.

So, roots are x = 2, 3.

General solution of the given recurrence equation is: 

tn = c1*(2n) + c2*(3n)  = ((3n)

End example 2.

Homogenizing may need multiple steps.

Example 3:

tn – 2tn-1 = n

So, tn+1 – 2tn = n+1

Subtracting the former (given) eqn from the latter eqn,

tn+1 – 3tn + 2tn-1 = 1

Still not a homogeneous eqn. Second stage of homogenizing,

tn+2 – 3tn+1 + 2tn = 1

Subtract once again,

tn+2 – 4tn+1 + 5tn - 2tn-1 = 0

Now it is a homogeneous recurrence equation and one can solve it in the usual way.

End example 3e.

An important special case:

If the characteristic eqn. is like

(x-2)(x-3)2 = 0,        [CAN YOU CONSTRUCT THE ORIGINAL HOMOGENEOUS RECURRENCE EQN BACK?]

The roots are x = 2, 3, 3 for a polynomial eqn. of order 3.

The general solution for the given recurrence eqn. is then,

tn = c1*(2n) + c2*(3n) + c3*n*(3n)
Note the additional  n  in the third term.

If the roots were

x = 3, 3, 3, then

The general solution would be

tn = c1*(3n) + c2*n*(3n) + c3*(n2)*( 3n),

and so on so forth…
A special type of recurrence equation that is frequently encountered in algorithms' analyses

T(n) = aT(n/b) + cni, for some constant integer i, and constants of coefficients  a  and  c.

Three cases:

a = bi,  the solution is  T(n) = O(ni log b n);

a > bi,  the solution is  T(n) = O(nlog_b a);

a < bi,  the solution is  T(n) = O(ni);

