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his report presents an approach for searching in C Ps ith ordered domains It combines
intelligent domain splitting ith bac trac ing to find the hole solution space o algorithms
are presented he first one, called o -DCP , implements a loo -ahead strateg  hile the
second, called C | is an intelligent bac trac er  oth algorithms can be applied to general

s stems of constraints ith e plicit representations
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Figure 1:
ntroduction

Determining the complete solution set of a constraint satisfaction problem is important in man
applications such as spreadsheet computation, design ith multi-criteria optimi ation or negoti-
ation  he tas of characteri ing all solutions for a C P is more di cult than that of generating
the first solution It is confronted to comple it problems for both e tracting and representing
the solution space An intuiti e a around this comple it barrier is to structure the search
space so that the e ploration algorithm operates on aggregated subsets of data rather than on
indi idual possible instantiations In the discrete case, the cross-product representation CP
proposed b 10 is a po erful technique for compactl describing the complete solution space
of aC P heidea consists of combining se eral partial solutions into a union of cross products,
each cross-product representing an aggregated set of alues In the case of continuous domains,
aggregated sets of alues are t picall represented using inter als he method e propose
combines the strengths of the t o aggregation approaches for ordered discrete C Ps

he inter al representation naturall e tends to the discrete case for ordered domains
Inter al-based search and local propagation techniques from continuous domains can hence-
forth be transfered to discrete ordered C Ps  umerical search techniques based on inter als
are essentiall dichotomic  ariables are instantiated using inter als hen the search reaches
an inter al that contains onl solutions it stops, other ise the inter al is recursi el split into
smaller sub-inter als up to an established resolution he hole process is generall interlea ed

ith local consistenc propagation to pre ent combinatorial e plosion 11

hile, in classical numerical search ith intensional representation of constraints it is more
practical to use a rigid binar split mechanism, the e plicit constraint representation e use
supports the implementation of a e ible and more intelligent splitting technique

he ne loo ahead bac trac ing algorithm e present, called o -DCP , combines intel-
ligent splitting ith a local consistenc technique inspired from bo -consistenc , one of the
most po erful propagation algorithms in continuous domains  he solution space is generated
concisel using CP e ill sho that the inter al representation greatl simplifies the imple-
mentation of CP in ordered domains e also present a no-good based bac trac ing algorithm
for ordered domains that incorporates alue aggregation  his algorithm is called C

he condition of ha ing ordered domains is fulfilled b most constraint t pes he
order can be arbitrar , heuristicall determined or natural, as in numerical applications Each
ordering of the alues in the domains induces a certain grouping of feasible alues ithin the
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e plicit constraints representations Figure 1 e characteri e a gi en order b a measure

called its densit , computed as the ratio bet een the number of feasible neighborhoods and the
number of feasible elements in the e plicit 0,1 -matrices representation of the constraints e
e pect our approach to be at its best for the applications here the order is gi en and the
densit naturall high, as it is often the case for underconstrained numerical problems in finite
or discreti ed domains, scheduling and graph coloring problems etc

amn e

e start b illustrating the notion of intelligent split on a small e ample
Let us consider the integer numerical C P of Figure he problem has three ariables
and , each of hich ta es its alues ithin the ordered set 0,1, , he ariables and are
constrained b the con unction of t o inequalities, and so are also and Figure 1 and
e assume that the constraints are represented using the discrete 0 1 -matri representation
and that the domains are ordered according to the natural order of the integers
A standard bac trac ing algorithm for discrete C Ps ould require chec s to generate
all solutions of this C P: each of the four possible alues for must be tested against the 1
feasible pairs of alues for and Determining the 1 feasible pairs for and requires a total
of 1 chec s
Assume no that rather than assigning to a gi en ariable an indi idual alue at each step,
e ould i e to assign simultaneousl a group of alues
A first a to proceed ould be to perform a dichotomic search, as described for continuous
C Ps ince the domains are ordered, an aggregation of alues can be represented using an
inter al and the binar split schema applies  sing this technique, the solution region determined
b the constraints bet een and  ould be decomposed into si regions, as sho n in Figure 1
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he number of chec s required for generating all solutions is 5 in this case: 1 chec s are
necessar to decompose the constraints into feasible regions Choosing and ithin region
a or f implies chec s per region for and ithin region b, ¢, d or e chec s per
region

he binar split procedure implicitl aggregates alues that can be assigned simultaneousl

his allo s for generating a more compact description of the solution space ith alo er number
of chec s he aggregation mechanism o ered b dichotomic search remains ho e er uninformed
since the constraints descriptions are not ta en into account for performing the split  inar
split has therefore great chance to cut ust in the middle of feasible regions, requiring further
useless splits to ta e place

An intelligent splitting mechanism ould tr to reduce the number of feasible regions gener-
ated, b choosing appropriate splitting points  he solution region determined b the constraints
bet een and could for e ample be decomposed into three regions A | and C ,assho n
in Figure he number of chec s required for generating all solution reduces to  chec s
in that case: 1 chec s must be used for generating the decomposition Choosing and  ithin
region A or C implies chec s per region for and ithin region , chec s
In ection , e present an algorithm for achie ing such ind of aggregations  he algo-

rithm builds the regions b e pansion on directions chosen using ordering heuristics Although
not optimal, the splitting strateg proposed significantl reduces the idth of the search, as
reported in the e periments

ac round

e consider the general case of n-ar C Ps and use their classical graph h per-graph repre-
sentations In the representation, the ertices represent the ariables and the edges the
constraints bet een them In the one, a erte stands for a constraint and the edges are
equalit constraints bet een the common ariables 1

e first propose a h brid loo -ahead bac trac ing algorithm that uses both the primal and
the dual graph representations  he primal graph supports a compact formulation of the solution
space  he dual one is used to perform the intelligent split mechanism and control the bac trac
procedure  he algorithm e present is a ariant of AC  aintaining Arc Consistenc 15

AC enforces arc-consistenc on the remaining uninstantiated ariables, after the instantiation
of each ariable It has pro en to be one of the best techniques for hard problems In our



approach, e maintain a ea er form of arc-consistenc borro ed from continuous domains,

namel bo -consistenc 0 -consistenc enforces arc-consistenc on the outer bounds of a
ariable’s domain It produces a con e enclosure of the set of possible alues
In1 , insberg has published his D namic ac trac ing D here additi it on the

si e of dis oint subproblems for finding the first solution as guaranteed  he approach needs
onl pol nomial space hile the hitherto approaches, that had achie ed this using no-goods,
needed an e ponential one In it as sho n that for non-additi e problems, the ne scheme
ma decrease performance not onl due to computational o erhead, but also due to in e ibilit
in changing the ariable ordering he constraints ere rela ed in the eneral D namic ac -
trac ing D 1 , ith theris of loosing the additi it propert In fact, random reordering
allo ed b D , ma in ol e looses in no-goods for a subproblem, due onl to reorderings
occurring at bac trac in a di erent dis oint subproblem A strong e ibilit in the ariable or-
dering, that preser es additi it ,is o ered b ane famil of bac trac ing algorithms based on
total assignments and partial order he ne algorithms ere called Partial rder ac trac ing
P 1 and Partial order D namic ac trac ing PD D as also gi en some more
e ibilit b its redefinition ithin the ne frame or ecentl , a generali ation of the
pre ious algorithms, that combines their ad antages, as published as eneral Partial order
ac trac ing P 5 he P algorithm eeps a total assignment and allo s both the
reordering of D and PD  An interesting feature of P remains the abilit of this algorithm
to erase no-goods onl after ma ing sure that an antecedent ariable is changed  his beha ior
can be included ith no e ort in P |, as e present in the ne t section, and a oid erasing
no-goods that might be reused immediatel
hen a ariable has to be chosen, the heuristics e ha e tested are the least domain LD

ariable and the most constraining ariable LD proposes the ariable ith the smallest
number of alues as an eas to compute measure LD is itself a heuristic for choosing the most
constraining ariable

orithms

As mentioned before, the search technique e present builds on both the primal and the dual
representations of C Ps e choose to use the terms ariable and constraint uniquel for
the elements of the primal representation

In the primal representation, the label assigned to a node is a discrete inter al

discrete inter al

A discrete inter al can be represented e tensi el b listing all its elements, or intensi el
using its bounds

In the dual representation, the domain for each node is a constraint  he nodes are labeled
using the notion of multi-dimensional bo es, called multi-bo es



he search technique basicall proceeds as follo s  he domain of each constraint is set to
the cross-product of the domains of its ariables hen the constraint is selected for instantiation
A dual node is selected and instantiated using a multi-bo  ithin its current domain  he label
of the corresponding primal nodes are then restricted to the alues allo ed b the multi-bo
his restriction is further propagated in the primal graph using a local consistenc algorithm
If one of the ariable domains is emptied, another multi-bo is chosen for A bac trac ing
is initiated if all multi-bo es of ha e been e hausted hen all the dual nodes ha e been
instantiated, a solution region is pro ided  his solution region is gi en b the cross-product
bet een the inter al labels of the primal graph  he use of the dual representation is mainl
intended to enable an eas aggregation mechanism e moti ate this choice in more details in
ection 5 e are no in position to present our algorithm e start b describing the local
propagation algorithm used during search

enforcing arc-consistenc on the outer bounds of the domains onl , bo -consistenc spares a
significant amount of or and space It has pro en particularl useful in continuous domains
and is integrated in the most successful techniques for numerical C Ps  he use of this notion
has also been suggested for problems in finite domains 1

he e tension of bo -consistenc from numerical to general ordered domains is natural and
moti ated b the same considerations In the definition of discrete bo -consistenc , e simpl
replace the notion of continuous inter als b that of discrete ones:

discrete inter als 1
he algorithm 1 enforces discrete bo -consistenc he implementation used is based on
AC- It requires storing for each boundar of each chec ed constraint the tuple in the
constraint that supports the boundar his requires a space of
| return 0

return 1
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return 1

Initiall all the constraints are inserted in the queue A constraint is queued hen the domain
of one of its ariables changes A re ision step consists of erif ing that the alues supporting the
boundaries of the current constraint are still alid For an support falling outside the current
inter als of the ariables lines 1 and , the constraint is scanned so that a ne support can
be identified If the scanning is performed according to a static order of the domains and of the
constraints’ ariables, then it is onl needed to scan be ond the old support

After each reduction of a domain there ill be at most 1 constraints chec ed

ithout a subsequent domain reduction If, after chec ing all the 1 constraints implied,

there is no domain reduction, consistenc is reached and the algorithm stops  here are at most

D domain reductions possible  herefore there ill be ma imum C D steps before
failure or consistenc is reached o

he domains of the constraints are scanned onl once, this results in a number of
chec s he onl alues that ha e to be reconsidered as supports are those of
the changed ariables Ho e er, at each re ision step, all the supports of a constraint boundaries
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e entuall one less ha e to be tested, resulting in a comple it of

]

ne di erence bet een discrete-bo consistenc and a standard AC algorithm, is that the

modification of a domain requires the constraints to be tested also for the reduction of the
alread reduced bounds of uch a situation is not possible in AC here the corresponding
alues in the reduced ha e been alread tested in pre ious passes

eno present the d namic aggregation procedure e propose for computing the multi-bo es
his procedure scans a constraint according to an ordering of the ariables his ordering
specifies priorities on the directions of aggregation A progress information structure is used
that stores the starting point for aggregation at each step i en an order of the ariables,
at each request for a multi-bo , e s stematicall scan the constraint up to a feasible tuple
he starting point is inherited from the pre ious call nce a feasible tuple is found, e tr to
e pand it s stematicall along all the ariables according to the ordering pro ided b heuristics
described section he tuples of the bo obtained are mar ed as alread co ered, so that future
scanning and aggregations ill s ip them  he starting point for the ne t request is set to the
right side of the bo , on the direction ith the highest priorit at scanning he disad antage
of this approach lies in the fact that it requires chec ing each time the tuples one b one A
ris of o erhead e ists, especiall in problems ith large domains, hen e tr to e pand on
other directions than the one ith the highest priorit at scanning For the scanning procedure
tos ip ide co ered bo es e assign to the left side tuples, the idth of the bo co ered ump
displacement  Finall , it is most probable that a bo can be aggregated more on its highest
priorit direction, hich is the same as the highest priorit scanning direction and this o ers no
o erhead
he aggregation procedure is illustrated b the e ample of Figure he current domain of
the constraint is set to the cross-product 5 1 he iterator is set to the position




,1 Let us consider that the ordering heuristic gi es us the order , e scan the constraint

as sho n b the arro starting at ,1 and e disco er a feasible tuple at , e e tend it
first for obtaining the first bo hen etr toe tend it for , operation that fails
because of the infeasible tuple he continuation point is set to ,5 , and the multi-bo 1

is returned
hen ane quer for abo isrecei ed, the continuation point is read and the scan continues

from ,1, here it also finds a feasible tuple and stops  he obtained bo is stretched first
for to the bo 1 hen, it is e panded for and it becomes 1 e do not
tr to e pand it in the descending direction of a ariable  he ne continuation point is set
to , and the ump displacement for scan in ,1 to hen the multi-bo is returned
In the same manner, at the third request, the scan begins from , , reads ,1 and umps to

, It continues on 5,1 and disco ers a feasible tuple at 5, he bo is e panded for
and the multi-bo  is deli ered At the fourth request, the continuation point 5, is chec ed
and then empt constraint is signaled For certain constraints it might be the case that the bo
e pansions disconnect the feasible regions and lead to aggregation on less e cient directions
For such constraints, additional chec s at the borders of the bo es can determine the e pansions

ith a less probable utilit

e describe in this section our maintaining bo -consistenc algorithm called o -DCP At
the beginning, the labels of all ariables are set to their hole initial domains Discrete bo -
consistenc is called ith all the constraints in the queue in order to set bo -consistent labels

he search is started b calling o -DCP 0, nil At step , the constraints is instantiated to
a completel feasible multi-bo , ithin the ranges accepted b the current labels of the ariables
Each time a ne constraint is entered, e estimate d namicall an order of the ariables of the
directions of aggregation of that constraint line 5

he instantiation is gi en b an iterator initiali ed at line and that builds the multi-bo es
b aggregation he algorithm  performs the aggregation along all the directions ith a
computed priorit gi en b a heuristic discussed in section and is called at line et een
t o calls, the last chec ed tuple in the scanning order that lea es no unchec ed tuple behind,
is stored as continuation point line If such an instantiation is successful, e intersect the
current labels of the ariables implied in the constraint ith the ranges co ered b the chosen
multi-bo  at line If a gi en step alters the domains, then the ha e to be refreshed from
the tac at line

he tac of Domains is pushed and popped each time a constraint is entered respecti el
left line respecti el line 1 he instantiation of a constraint corresponds to a split of
the constraint and se eral splits of ariables e perform a bac trac ing based on such steps

hene er all the constraints are instantiated 1, e generate the solutions as the cross-product

of the current labels of the ariables line

he line calls the algorithm achie ing discrete bo -consistenc e no that the instan-
tiated constraints ha e supports for all their bounds and onl the future constraints are re ised
If the function fails, a ne step begins ith the search and aggregation of a ne multi-bo
At this step and at bac trac ing, the bounds supports used b discrete bo -consistenc  ill be
restored If the local propagation does not result in domain ipe out, the future constraints
are reordered line 10 based on the LD heuristic and then o -DCP is recursi el called at



line 11

eport olutionCrossProduct
return

PushCurrentDomains tac
esetlterator
e rder ariables i

LoadDomains tac
pdateDomainsAndCon icts Chosen o
A ectedConstraints i

| continue

e rderConstraints i
o -DCP 1, tac

PopCurrentDomains tac
return

Each solution tuple has at least one corresponding feasible sub-tuple in each constraint
hen a solution is generated as the cross-product of the ariables labels, e no that all the
constraints ha e been ta en into account and instantiated ith multi-bo es cross-products It
is guaranteed b construction that the pro ection of an multi-bo o er a gi en ariable results
into an inter al that contains the label of that ariable his guarantees correctness he
aggregation algorithm spans e hausti el the entire space of the constraint compatible ith the
instantiation of the past constraints he bo consistenc is ob iousl complete herefore the
o -DCP is complete o

For a set of ariables ta ing their alues in the domains , 1, the inference
rules 1 used in no-good based bac trac ing are:

1 Deri e hene er the no-good is implied b a
single constraint, here and




‘ return 0

‘ E pand nFirstE pandableDirection

toreProgressInfo
return 1

ac trac ing appears hen, for a gi en ariable , all alues through  in its domain
are ruled out b no-goods ased on these no-goods, the
no-good ma be generated is the notation for a set of assignments

e ha e noticed that certain no-goods that might need to be reconsidered immediatel ma
be erased ith PD and P , hen e bac trac due to the elimination of all the alues in
the domain of a ariable e sho that the space remains pol nomial e en if those additional
no-goods are maintained

Let us consider the e ample in Figure 5 here the domain of ariable is e hausted and,
based on the aforementioned rule, e generate a no-good that ill ha e as conclusion
he no-goods are mar ed ith a cross that ma be inde ed b a ariable in its elimination
e planation PD and P perform first the elimination of all the no-goods that ha e as
antecedent If it happens no that gets also its hole domain eliminated, then
based on the same rule e bac trac to a no-good ith conclusion he modification of the
alue of ma eliminate some no-goods for alues of |, besides the no-good for

e ma decide to reinstantiate  to hen e return from this bac trac ing e ma be
able to instantiate = and continue the search ithout rechec ing the no-goods alread e isting
for herefore, the elimination of no-goods performed here b PD and P as not
appropriate e ha e noticed, instead, that this beha ior can be allo ed b the structure of
P

he algorithm combining the described technique ith the e ible ordering rules of P is
called and has the follo ing t o steps:

1 hile no empt no-good is created and if one no-good is found, call simp ,

10




Figure 5:

If no empt no-good as inferred then return the current instantiation
he procedure simp , t consists of the ne t steps:
1 If isempt then stop reporting no solution
se the translation rules to represent as an implication

Add the no-good represented as an implication to the current set of no-goods

If the li e domain of is empt , it must be possible to appl the second inference rule for
deri ing ne no-goods to obtain a no-good  in ol ing ariables constrained to precede

Deri e such a no-good and recursi el bac trac from it b appl ing simp

5 Else, if no ne no-good as generated in step ,ie, if the no-good added in step did
not eliminate all li e alues of , then for each ariable , hich must follo , and for
each that must be follo ed b  under the current order constraints, add the the safet

condition and delete all safet conditions of the form
he assignment is no consistent ith an no-goods added in step his implies that
the li e domain for must no be nonempt et to : here is in the current

li e domain of and remo e all no-goods not rele ant to the ne assignment

acceptable ne t assignment for and | and if ariables in are changed, remo e all

no-goods that are not rele ant to the ne assignment

11



he rule required to translate a no-good to an implication ill choose the conclusion of the
implication as one of the ariables in the no-good that is the last in at least a total order that
complies ith the current no-goods and ith the current safet order

he algorithm has the qualities of P , hile presenting the propert e ha e de-
scribed before

he algorithm beha es li e P ith the onl di erence that the no-goods are
erased onl after ma ing sure that some ariables in their antecedents ha e changed P
guarantees a pol nomial space b ensuring that all the no-goods are rele ant and there e ist at
most one no-good per alue his means that e can ha e at most no-goods here s
the number of ariables and is the ma imum domain si e For the current instantiation there
e ists at most no-goods one for each alue , and each no-good is at most of si e In the
case of , since the additional no-goods e maintain remain rele ant, the same reasoning
holds  he e istence of additional no-goods cannot increase the remaining space of the search
at an step, therefore the ma imum number of steps for P remains alid for , and
it terminates  he additi it is due to the same impossibilit of generating no-goods bet een
ariables in dis unct problems asin D  For the comparison ith P e notice thatif e use
ith the same heuristics for choosing no-goods, their conclusions and the reinstantiations,
the onl di erence remains that some no-goods are not redisco ered in for the case here
ariables are reinstantiated ith the old alues after bac trac ing  his reduces the number of
e panded states o

A di erence to P is that using this approach, the algorithm cannot be requested to find
a ne t assignment consistent ith at the end of each call to in the same a as P
hen the set  is not empt , such instantiation cannot be found for the ariables in it, hich
ha e an empt domain

e are designing algorithms for finding all solutions to C Ps hile the CP 10 is sho n
to impro e the performance for both finding all solutions and sol ing hard problems, e ha e
decided to create a h brid o - -CP  In fact this algorithm is based on a instantiation of

An implementation of CP , based on the dual space representation, is proposed CP
helps also in the compression of the generated solution
a no-good e mean one of the statements:

and

he algorithm is presented in Figure he procedure olution ogood generates a no-
good for the last bo , based on all the constraints In order to ha e a cheaper management
during the search, the matri of the constraint representation is separated in sets of not et
scanned regions, no-goods and a ailable bo es  he ne mno-goods are simplified at the step
b using the simp procedure of
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CP in ordered domains

he ob ect of this section is t ofold e first moti ate our choice of CP b quantif ing the
gain it brings to the tas of generating all solutions  his discussion is first presented for the
original approach to CP , based on the primal representation of C Ps  nce the usefulness of
the approach has been stated, e go on to describe our dual-based implementation in ordered
domains and compare it ith the original approach

In 10 the gain brought b CP is illustrated on se eral e amples e compute the number of
chec s spared b this approach in the general case of a discrete C P ith n-ar constraints e
sho that a bac trac search process cannot perform orse ith than ithout CP
Let be a cross-product partial solution and a not et instantiated ariable e use the
follo ing notations:
gi es the number of constraints bet een the ariable and the alread instantiated
ariables in

, and are respecti el the number of instantiated ariables, the number
of alues in the th instantiated ariable and the olume number of partial solutions of a
cross-product partial solution con ention, the olume of an empt cross-product is 1
1

is the olume of the pro ection of on the alread instantiated ariables in the th
constraint, , among those counted b

hen loo ing for all solutions, b construction of the , all the partial
solutions are chec ed and must be isited b asearch ithout CP An alue of ane ariable
ma ha e, therefore, to be tested for constraints against each of the

partial solutions, leading to the Equation

sing the CP approach e onl need to test each alue of  for each th of the constraints
counted b against the alues in the pro ected cross-product
and e obtain the Equation o
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e obtain the result from the definition of ,

b adding the inequalities o er all C n ,cprps

]

eno compare the original approach of CP ith the dual-based implementation e propose
his implementation is referred to as DCP in the rest of the paper e first recall ho the
primal-based CP or s uppose that at a gi en step, 1 ariables ha e alread
been instantiated and that e ant to assign aggregated alues to a ne ariable he
current instantiation for is structured as a partial cross-product, Each possible
alue for  must be first tested against , requiring the search for and the representation of
cross-products of the t pe he technique of CP requires that these representations
must be restructured b merging
In our case, performing the instantiation in dual, directl pro ides the cross-products  hese
cross-products are in fact generated one b one and the merging step is implicit  he domains
here the implicit merging is performed are determined b simple inter al intersection, as sho n
in Figure oreo er, the data management required b e plicitl storing all partial cross-
products is no more necessar  Performing DCP in ordered domains also pro ides a concise
representation for a cross-product, hich ta es the form of a set of inter als
o summari e, the primal-based implementation of CP reorders the alues in the domains
to perform the aggregations As long as e deal ith ordered domains, reordering is not needed
ith DCP CP can benefit from the fact that the merging steps are more informed if the
number of anal ed constraints bet een such steps is larger  he heuristics used b DCP ha e
ho e er pro ed to be good enough to produce satisfactor results, as sho n in the e periments

15



DCP o ers the possibilit of reordering the constraints during search allo ing for more
e ibilit A dual representation can incorporate an order of the alues and an order of con-
straints hile in the primal the order of the constraints is restricted b that of the ariables
ote finall that DCP is a full depth-first approach and hence is more li el to e tend success-
full to techniques ith nogoods or bac umping e no present the gain brought b DCP |
as done in the pre ious section for the primal-based CP
In the dual approach, e note ith the olume of the pro ection of on the instantiated
ariables of the constraint he corresponding gain of DCP is:

At each constraint instantiation ith DCP , a tuple is tested once In the standard
tuple b tuple based approaches it ould ha e been tested once for each combination of the
alues in the unrelated current labels e mean the labels of all the instantiated ariables not
in ol ed in the current constraint

Here e ha e considered in onl the ariables that ere constrained b the past
constraints
his applies as ell for the comparisons ith the standard primal-based approaches if the
order of testing the constraints is identical =
From the definition of e see that is al a s bigger than 1 For

finding the first solution there is al a s a possible o erhead since portions of the search space
can uselessl be e plored

euristics

he aggregation procedure uses heuristics for assigning priorities to the directions of aggregation
he heuristic e propose is not designed to produce the multibo es ith the biggest olume It
rather tries to generate the multibo es that promise the biggest further gain in the number of
chec s he direction orders correspond to orders for the ariables ince the e cienc depends
on the future constraints, e can use the result of the theorem to estimate the gains of each
direction of aggregation e can therefore tr to ma imi e the si e of the labels for the ariable
that promises more e estimate that the number of ariable alues that can be successfull
aggregated along one ariable is proportional to the si e of the current label of that ariable
Due to equation 5 e can estimate that for an future constraint , for an of the
ariables that are not implied in , e ill gain ith a factor of his is the factor
ith hich of the equation 5 increases If is constrained b the constraint , then
there is no gain at the le el of In our computation e sa that for the ariable eha ea
of factor
ne can therefore estimate that the of e panding the current constraint along
direction is proportional ith




e ha e used a cheaper estimation of the of e panding the ariable as:

1
Dua s Prima roaches
e sho that for each run of a in the primal representation P , there e ists
a run ith identical chec s of the for the dual representation D First e recall that

in the primal approach to non-binar constraints 1 , each constraint is chec ed onl  hen all
the referred ariables are instantiated e specif that in the dual approach, no chec is being
performed on the elements of the constraints that do not ha e the same alues for the common
ariables ith the alread instantiated constraints

e follo no atraceoftheP  andsho ho to build the corresponding D algorithm
If, hen a ariable is chosen to be instantiated in the P, in D e choose to instantiate
the constraints in the order in hich the are chec ed in P, the same chec s ill al a s be
performed Indeed, the P ill tr combinations in the first constraint until a first one is
accepted  he same thing happens in D hen P passes to the ne t constraint, and, if
the alue is not accepted, then it returns to the remaining alues for pre ious one  he same
happens in D | here after tr ing to instantiate the ne t constraint same chec asin P

e bac trac

hen ariables in P can be instantiated ith no chec , then before passing its first chec
at the instantiation of a follo ing ariable, the order in respect to that ariable is insured in
D b establishing an order of the directions to scan the constraint tables his a , the

chec s, as ell as their order, are the same in the t o algorithms o
he pre ious theorem has sho n that D can emulate at no cost P ut no stan-
dard P can emulate a D that instantiates a ariable before all the constraints bet een
the alread instantiated ariables are chec ed  his is possible in D o
eriments

C is currentl under de elopment In this section, e present the e perimental e aluation of
o -DCP raph coloring problems ere chosen for running the preliminar tests e report
in this section e consider the problem of coloring the nodes of an indirected graph ith
colors, so that no t o nodes ith the same color are lin ed b an edge hen all the possible
colors for the nodes are ordered, the constraints of a graph coloring problem are matrices full of 1
entries, e cept for the elements of the main diagonal his particularit ma es them attracti e
for aggregation-based methods he densit of the order, as defined in the introduction is



a ected b the number of colors in a graph coloring problem  he minimal densit is 0 for
-coloring problems, the ma imal densit is since it cannot e ceed the arit of the graph A
-coloring problem has a densit of 0 hile a -coloring has a densit of 1

he e periments here mainl run on -coloring problems, these problems ha ing a relati el
high densit and si es of domains reasonable enough to perform a significant number of tests

he problems are generated in such a a that the ha e at least one solution and that the
fall in the pea of di cult , as described in ore precisel , the graphs generated are

coloring problems ith and an a erage of arcs per node e ha e

also ta en into account the fact that for graph C-coloring problems, all assignments obtained

b an permutation of the C colors in the gi en solution is also a solution

It is therefore possible to fi the color of 1 nodes about hich e are sure that the ill

be colored di erentl , and all the solutions ma be obtained b generating the permutations

uch 1 nodes can be obtained b finding a clique of si e 1 A sequence of the resolution
is to find the ma imal clique of the graph Let the si e of the ma imal clique be If

then e can infer that there is no solution If then e attribute  di erent colors to the

nodes of the ma imal clique and esearch ith DCP for all solutions of the remaining problem
he other solutions can be found b generating all the arrangements of the  pre iousl fi ed

colors ith the alues of the C colors For each of the arrangements of the  nodes, the

arrangement of the other colors can be ta en randoml , hile the permutation ill ha e

been generated b the search itself Changing the obtained permutations in the search solutions

generates all the solutions of the initial problem
he pre iousl described approach still generates permutations that could ha e been inferred

if 1 A solution ere to integrate techniques for a oiding the permutations of the
remaining colors into the search procedure his is outside the goal of our tests For the graphs
ith  colors, the case is not possible because an arc implies at least a clique of si e he

clique is fi ed b reducing the binar constraint to contain a single feasible pair
he parameter e ha e used for our comparisons is the ratio bet een the running time
of the algorithms on the same problems, on the same machines and ith the same heuristics
e ha e run about 00,000 tests on problems ith si es bet een 0 and 100 ariables he
results for each si e of problem is a eraged o er about 10,000 instances As e pected, DCP
brings the better impro ements for problems ith large si es  he gain brought in b the use
of bo -consistenc maintenance is sho n in the graph
he tests sho sthat DCP  as generall better that the classical algorithm, ith or ithout
o -Consistenc he ratio as a function of the si e of the problem is sho n in Figure
here as a small percentage 0 5  of problems, generall er eas ith afe number of
ariables, that performed better ithout aggregation  his is due to the fact that the aggregation
procedure still has some o erhead due to the ordering of directions and to multidimensional
aggregations  he negati e di erence obtained in that case ere less than seconds Ho e er,
some hard instances ith the same parameters too da s ithout aggregation and ere sol ed
in a fe minutes ith aggregations
he beha ior of o -DCP as also tested for finding the first solution As described in
Figure 10, o -DCP performs better than maintaining bo -consistenc  ithout aggregation
for hard problems It as slightl o er-performed onl in some simple cases he gain increases
ith the di cult and ith the si e of the problem e can therefore cautiousl infer that o -
DCP might be ad isable for finding the first solution as ell  his result as not e pected
since DCP isli el to compute unnecessar solutions b aggregation
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It as interesting to stud thee cienc of the compression o ered b DCP for representing
the solutions Figure 11  As e pected, the compression rate augments ith the si e of the
problem

e ha e also run some tests for coloring problems ith 0 ariables he a erage ratio
as about 10 times better than the equi alent ratio for colors

Conc usion

his report proposed ne search techniques for generating all solutions of ordered discrete C Ps
A central idea as to con ointl use inter als and cross-products for representing aggregation
of alues his enabled the successful design of h brid continuous-discrete search and local
propagation techniques
he e plicit representation of constraints e used ser ed as basis for designing intelligent
splitting mechanisms, challenging the classical binar split  he solution space is compactl
represented using CP e ha e sho n that a dual based implementation of CP o ers man
ad antages such as allo ing full depth approaches and merging on the as ell as it spares
unnecessar data management
he encouraging results obtained b e perimental e aluation of our loo -ahead algorithm
on graph coloring problems arrants the technique being further studied in other conte ts
In future or , e ould li e to stud the usefulness of the approach in application ith
naturall ordered domains such as scheduling, numerical databases or h brid continuous-discrete
C Ps

¢ now ed ments

his or as performed at the Artificial Intelligence Laborator of the iss Federal Institute
of echnolog in Lausanne and as sponsored b the iss ational cience Foundation under
pro ect number 1-5
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