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Abstract. The seard spaceof constraint satisfaction problems (CSPs)
can be reduced by using value interchangeability. This notion consists of
aggregating subsetsof valuesthat behave similarly on the future branches
of the seardh. BT-CPR [8], is a typical backtracking algorithm using
value interchangeability. It usesthe Cartesian product represertation of
the searcd space (CPR) which aggregatespartial solutions and proves
particularly useful for "nding and represerting all solutions of a CSP.

It is assessedhat maintaining arc-consistency (MA C) is the most ex-
cient general algorithm for solving hard problems. A few work on com-
bining MA C with CPR exists. In this paper we study comparatively two
other possible alternativ es of MA C-CPR.

1 Intro duction

A lot of real world problems can be cast as Constraint Satisfaction Problems
(CSP). A CSP, (V,C,D), isclassicallyde ned asa setV of variablesxq; X2; :::; Xn,
taking their valuesrespectively in a set D of domains D1;D5;:::;D, and con-
strained by a set of constraints C = fCy;::;;Cng. If a constraint C; links the
variables xi, ; Xi,; ;X , then it is de ned as a subsetof the Cartesian product
Di, £ Di, £ £ Dj ;. k' givesthe arity of the constraint C;. Two variables are
neighbors if there is a constraint linking them. A tuple t satis es a constraint
C; if the projection of t on the variables linked by C; belongsto C;. A tuple
with valuesfor all variablesin V is a solution for (V,C,D) if it satis es all the
constraints in C.

Depending on the original problem we may needone, se\eral, or all possible
solutions. The task of extracting suc solutions is NP-complete in general. An
intuitiv e way around this complexity barrier is to structure the seard spaceso
that the exploration algorithm operates on aggregatedsubsetsof data rather
than on individual possibleinstantiations. This is the idea behind the Cartesian
product represetiation (CPR) which aggregatespartial solutions during bad-
tracking. The use of CPR was shown to bring improvemerts, especially to the
problem of "nding all solutions.

MAC is one of the most powerful general seard algorithms. It consists of
interleaving badktracking with a notion of local consistencycalled Arc Consis-
tency (AC). In [7]is preseried an algorithm called backr acking % that combines



MAC with CPR. In that casethe aggregationswere computed statically prior
to seart and without guarantees of maximality. In this paper we study two
variants of MA C-CPR that incorporate the dynamical computation of maximal
aggregations.

The rest of the paper is structured as follows. We “rst recall the necessary
badckground. Then we presen the existing work on backtracking using CPR,
as well as the two alternatives of MAC-CPR we study. The two variants are
compared both theoretically and experimentally. In Section 5 we discuss our
results and suggesta possibleimprovemert of backr acking .

2 Background

The seard algorithms for CSPs are generally classi ed either as intelligent
badktrackers that learn from the past, or lookahead techniques that use local
consistencyin order to reduce the number of future alternatives. Typical in-
telligent badktrackers are the Constraint-Based Back-jumping (CBJ), the Back-
Marking [9], the Dynamic Backtracking [6] and the Partial Order Dynamic Back-
tracking [3].

The most popular lookaheadstrategiesare Forward Cheding (FC) and Main-
taining Arc-Consistency (MA C) [11]. The latter has provento outperform most
existing seart algorithms in practice. Once a value has beeninstantiated, FC
prunes from the domains of its uninstantiated neighbors (future variables) the
valuesthat are inconsistert with the value chosenfor the current variable. MAC
enforcesa form a local consistency called Arc Consistency on all the future
variables.

Arc Consistency

AC has beenthe subject of intensive prospection. Seweral versionswere devel-
oped, eat of which stressesa particular property. Some AC algorithms deal
with special cases(e.g. AC% [7]). The onesthat are useful for the generalcase
are named ACx where x stands for a number. AC3 is often the bestin compu-
tational time. AC7 [1] seemsto be the bestin the number of constraint chedks
while AC6 provides a good compromisewith AC3. AC7 usesthe bidirectionalit y
of the constraints in order to reduce the number of chedks and its enforcemen
within MAC is preserted as promising.

CPR

Interchangeability [5] provides a principled approad to simplifying the seard
space.Values are interchangeableif exchanging one for one another in any so-
lution produces another solution. BT-CPR [8] is one of the rst searh algo-
rithms using interchangeabilities. It usesa limited form of interchangeability
called neighborhood interchangeability (NI) to aggregatepartial solutionsin the
seard space.A combination of CPR with FC (FC-CPR) was also described



in [8]. Two values,a and b of a variable x; in the CSP (V,C,D) are neighborhood
interchangeablei® for any constraint C; 2 C linking x; and x,; , the two sets
of valuesfrom x; that satisfy C; with a, respectively with b are identical. Two
valuesa and b are partially neighborhood interchangeable(PNI) against a set of
constraints S %2 C i®they are neighborhood interchangeablein the CSP (V,S,D).

We will alsosay that two valuesa and b are partially neighborhood interchange-
able against a set of variablesN %V i® they are neighborhood interchangeable
in the CSP (N,C',D) where C°is the subsetof C linking only variables from N .

FC-CPR maintains at ead node a partial solution represerted asa Cartesian
product. For example, a partial solution involving variablesa and b will be rep-
resened by a Cartesian product like (A := f1,29) £ (B := f3;5;8g). The values
of the future variablesthat are compatible with the current partial solution are
also structured as Cartesian products. FC-CPR prunes (FC) the domains of the
future variablesfor ead possiblevalue of the current one.Basedon the obtained
active domains for the future variables, it builds a structure called the discrim-
ination tree (DT) [5] that enablesa cheap merging of the result into maximal
Cartesian products. These Cartesian products correspond to partial neighbor-
hood interchangeablesetsof the current variable againstall future variables. The
children nodesin the seard tree are obtained by expanding the current partial
solution with any of the obtained interchangeablesets.

We recall that the DT is a tree structure having the valuesin some of the
nodes.The insertion of a newvalueis performedby following a path from the root
of the tree, where eat node corresponds to the next feasible tuple cortaining
the value, in the ordered relations of the current variable. If the corresponding
node did not previously exist, a new branch (set) is created. The value is placed
in the set found in the node at the end of this path. The enumeration of the
feasibletuples is not an overheadif it can be reusedin the seard process,for
examplewhen all solutions are looked for.

Backtrac king 9%

In [7], a possible extension from FC to MAC-CPR was mentioned where the
interchangeabilities were used not only for inferring partial solutions, but also
to infer information during the propagation of arc consistency For doing so, a
specializedversion of AC, called ACY%, was intro duced. However, the algorithm
proposedusesonly static neighborhood interchangeabilities detected before the
seard starts. The interchangeabilitiesthat appear dynamically, becauseof prun-
ing, were disregarded.In that version, the further computation of fully dynamic
interchangeabilities can be expensive since AC% needsthem for all variables.
In the backir acking % of [7], the partial neighborhood interchangeability sets
betweenead pair of variables are precomputed statically beforeseart. At eadh
step of the seard processthe neighborhood interchangeabilitiesbetweenthe cur-
rent variable and the future onesare obtained by intersecting the precomputed
sets. Note that the precomputed setsare no longer maximal in general. This is
becauseof the pruning induced on the future variables by the current instanti-
ations. This pruning is obtained either by forward cheding or Arc Consistency
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Fig. 1. a) FC-CPR: Full FC is performed on all future variables for all valuesin xo
in order to compute a DT. b) MAC-CPR: Full FC performed on all future variables
for all valuesin xo to build a DT, then AC is enforced on all future variables for the
chosenPNI set.

No attempt of further merging is performed on the result, which meansthat the
aggregationsobtained are not minimal in number. A weaknesf backr acking %
is the fact that it computesse\eral times the sameintersections betweeninter-
changeablesets. We will shav that these operations can be avoided.

In FC-CPR [8] the partial neighborhood interchangeabilitiesare computedin
a fully dynamic way. The possibleaggregationsfor ead node (current variable)
are computed from scratch on the basisof the previous instantiations. FC-CPR
doesnot incorporate any form of AC.

A variant of FC-CPR is proposedin [10]. It allows for cheaply getting certain
additional solutions oncethe rst onehasbeenobtained. However that algorithm
is not optimal when we need an arbitrary number of additional solutions. The
original FC-CPR o®ersa more generalalternativ e in that case.

In [4] it was shown that the partial interchangeablesets against subsetsof
the future variables can be organizedin a hierarchy of a tree. This proveshelpful
in one of the algorithms we presen later.

3 MAC and CPR

We now present two other possibleways of interleaving badtracking on CPR
with arc-consistency Their main characteristics are that they:

{ compute the Cartesian products in a fully dynamic way,
{ guarartee that the Cartesian products obtained at ead step are minimal in
number

Figures1 and 2, illustrate the main di®erencedetweenthe two studied variants.

3.1 MA C-CPR

It is obvious that the enhancemeh of FC-CPR with AC should not be done by
using AC to prune the future variablesfor eat value of the current variable. The
propagationsperformedby AC will beidentical for all the membersof a partially
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Fig. 2. QMA C-CPR: FC is performed for all valuesin Xo considering only one of the
future neighbor variables (here x1) to build a DT, then AC is enforced for the chosen
PNI set on all current and future variables (less the constraints already scannedin
order to build the DTs). These two steps are iterated considering one by one, all the
future neighbor variables.

neighborhood interchangeableset, and the work would just be replicated. The
simplest way to accomplishthe task is therefore to enforce AC at eact node, i.e.
for ead interchangeableset computed. The interchangeablesets are computed
dynamically asin FC-CPR. MAC-CPR is obtained by simply performing an
AC propagation for ead node of FC-CPR before forward ched and merging.
Once the interchangeablevalues are obtained, the Arc-Consistert domains of
the future variableswith any value of an interchangeableset, are consistert with
all the other valuesof that set.

Here we have to specify that during MAC, ead time that AC is reinforced
there exists an ordering of the AC queue suc that a pre x of the processis
identical to FC. What we do in MAC-CPR is to rst perform separately this
pre x for all values, detecting sets of PNI values. We then perform the rest of
the AC with any chosenqueueordering only oncefor a PNI set.

It is worth mertioning that it may be useful to merge the next levels of
nodes immediately after AC is applied to all of them since the pruning can
reveal stronger interchangeabilities.

3.2 QMA C-CPR

In this version our goal is still to compute maximal neighborhood interchange-
able setsat ead node in order to optimize the aggregations.We have however
obsened that performing a full forward cheding on all future variables at each
node, asin MAC-CPR, is not necessarilythe best choice. If we only look for the
“rst solution, a lot of uselesswork will be done at eac node for pruning irrele-
vant parts of the seart tree (i.e. for all the valuesof the current variable that will
never be chosen).Performing a full FC may also entangle evertual bene ts from
early reductions, via Arc-Consistency, of the domains of the future variables.
Sudch propagation can indeed reach domain wipe-outs or detect inconsistencies
before the whole FC is done. A similar argumert is presered in [1] whereit is
argued that AC can be improved by performing the propagation immediately
after a value is deleted. This was preserted as an AC queueordering heuristic.



In the new algorithm we propose,we have comeup with a compromisethat
ful'Tls the criteria of: building stronger aggregationsat ead step, early propagat-
ing AC and FC deletionsand avoiding uselesg-C cheds on postponedbranches.

The ideais to enforce AC on the future variables immediately after the do-
main of any single future variable is pruned. This is doneafter the corresponding
partial interchangeablesetsl; is built (i.e. the one concerningonly the current
variable i and the pruned future variable j ). AC is maintained after any suc set
Iﬂ-‘ 2 | is chosen(‘gure 2). The early propagation of deletions obtained that
way can also prune values from other future variables that are neighbors with
the current variable. When this occurs, an additional gain, proportional with
the domain size is obtained. In e®ect,no value in the current interchangeable
set will have to be cheded against the pruned value.

Moreover, the costof nding the rst solution may decreasePerforming FC
on the other future variablesfor the valuesin partial interchangeablesetsl i'j('s k)
that are di®erert from the oneactually chosenis postponeduntil a badktracking
occurs, with no additional cost. The gain may not appear if the di®erencein

merging throws us on a worsebranch “rst.

The corresponding technique is described in the algorithm 1. The function
Solve will recursively seard the solution. The parameter curr CP represerts the
Cartesian product of the current labels of the instantiated variables. varCrt is
the current variable. The currently active valuesin its domain arein currCP as
well. The parametervarF ut points to the neighbor future variable to be analyzed
in this iteration, if any. If there is no neighbor future variable to analyze, then
varFut is nil. currF D is the Cartesian product of the currently active valuesin
the domains of the future variables. At the beginning, AC is initialized (we have
usedAC6 and AC7) and the obtained AC domain for the variable i is noted D?.
getFir stF utV ar(v) returns the rst future neighbor variable of v if any exists,
otherwise nil. Then Solve is called with Solve(DJ; 0; getF ir stF utV ar (0); D9 £
::£ D). dt represetts a discrimination tree computed with the function DT() at
line 1.2. The algorithm usedis the samewith the onein [7]. The iterator next(dt)
returns a structure cortaining a pair of consistert interchangeablesetsin varCrt
and varF ut. inter sectCP (curr CP; dts; var Crt) computesthe Cartesian product
obtained from the partial solution received in currCP when the domain of the
current variable varCrt in dts is intersectedwith the onein currCP.

At ead node of the seart, we rst compute (line 1.2) the partial neighbor-
hood interchangeablesets. The stuctures of AC6, respectively AC7 are usedto
improve the computation of the discrimination tree. The vectors last are used
in order to avoid cheding tuples already tested during the propagation of AC.
Afterw ards, we iterate for ead set (line 1.3) the actualization of the new current
partial solution (line 1.4) and that of the future active domains (line 1.5). The
propagation of the pruning of the future domainsis done using AC. It occurs if
any domain was changed. If one more future neighbor variable exists (line 1.6),
we create for it a child node in the seart tree at line 1.7. Otherwise, we choose
a new variable from the future onesand we add its domain to the Cartesian



product of the actual partial solution (line 1.8), before the corresponding child
node is built.

As desired, at line 1.5 we propagate the Arc-Consistency earlier than if it
is done after forward cheding all the future variables. That would be required
in order to built the discrimination trees for the partial neighborhood inter-
changeability againstall future variablesat once.However, the result was shavn
in [4] to be identical, sincethe hierarchy of partial interchangeabilitiesis a tree.
Moreover, the computation of the interchangeablesetsis performed in a more
depth-"rst fashion than in [8]. Therefore, if we would not propagate AC, but
just perform FC, we already obtain a version of FC-CPR that is improved for
“nding the rst solution.

A drawbad of the previously preserted algorithm may bethat the stack with
the structures neededby AC increasesin sizefor graphs of constraints of high
density, especially if versionsof AC requiring many structures are used (AC7,
ACB6). Howewer, sincemany of the nodesshow to not changethe domains of the
variables, the corresponding stack do not needto be usedfor those nodes. Most
often, only the “rst variablesfrom a set of future neighbors changethe domains,
therefore we could say that we perform AC after the rst rather than after the
last of the future neighbor variables was used for partitioning. In practice it
happened sometimesthat we neededsimilar AC structures on the stadk with
QMAC-CPR aswith MAC-CPR, even if the technique was included in MAC-
CPR aswell. Howevwer, if one decidesnot to usethe AC7 queueheuristic of [1],
than he canimplement the propagation as described in the section5.1.

4 Comparing QMA C-CPR and
MA C-CPR

In this sectionwe will shov that QMA C-CPR s theoretically better that MAC-
CPR in term of power of aggregation. While MAC-CPR guarantees maximal
partial neighborhood interchangeablesets, QMA C-CPR producesmaximal ag-
gregationsbasedon a more global form of interchangeability. As the experiments
will show, this doesnot meanthat in practice, the di®erenceof etciency is sig-
ni cant. To give an intuition of the theoretical superiority of QMA C-CPR, we
start by preseriing an illustrativ e example.We will then give a theoretical proof
before preseriing a preliminary experimental evaluation.

4.1 llustrativ e example

In "gure 3 we preseri an examplewhere QMA C-CPR givesa better aggregation
that MAC-CPR. In the "gure is preseried the status when the x is the current

variable. In the domain of x, we have the active valuesvk(Ii b Vi and Vi -
The active values for Xy+1 are Vi) ;, ,» Vik+1); and for X2, Viks2), and
V(k+2) .y - The arrows show valuesthat are eliminated when the value at the
starting point of the vectors are chosenfor the corresponding variable. We see
that the current problem is AC. In the next description, due to space,we will



Vik+2) ; V(k+2) (.+1)¥

Xk+2 S T T [
¢ '
Vik+) ;g ¢¢ v
Xk+1 ] f ¢ f Il
I

@ V(k+1)

¢

. & @r;a . ¥
Xk ] T T [
]

Vkai g Vi Vk(14)

Fig. 3. Snapshot at current variable xy.

disregardthe brancheswherethe valuevy ,, ., is chosenalonefor the instantiation
of the variable xi. We refer to the pairs (currCP,currFD) as pairs of Cartesian
products,

In the presened situation, MA C-CPR will “rst createthe pairs of Cartesian
products

(FVk, 5 B FVk+1) 00 Viken) ; 9E FVka2) 5 Vk+2) (i+1) 9);

(fvi, 9 fVk+1) | O E FV(ke2), 0);
(ka(|+1) gifV(k+1),- 9£ fVks2) 1 Vik+2) (i+1) 9);

and only after the third pair is chosenand AC is enforced, will it become
(fFVk(y G FVk+1) 9 E TVksz), @), But in that momert the branch induced by
the secondpair will already have beensolved, the solution lost, and there is no
meanto infer the solution of this new branch.

When facedwith the samesituation, QMA C-CPR will “rst considerthe X1
asfuture variable. In that step it obtains the pairs of Cartesian products

(FVkgy G V(1) g 5 Vo) O TV 5 V(ke2) (iv1) O);

(F Vi3 Vi BTV 9E FV(ka2) 5 Vike2) (i41) O):
We consider now the momert when the branch for the secondpair is chosen.
The MAC that is performed at this momert will prune the value vy.z -
from xy+2 . Therefore, at the next step, the new Cartesian product pair found
will be:

(F Vi, 5 Vi 5 FV(ke1) 9E TV(ka2)  O):

This pair aggregatesthe secondand the third branch of the algorithm MAC-
CPR.



4.2 Theoretical results

Theorem 1. Any two valuesthat are aggegatel at a step of MAC-CPR will
also be aggegated (or both rejected) during the correspnding set of steps of
QMAC-CPR.

Pro of. Two values vy, and vy, of variable xx are aggregatedby MAC-CPR
only if they are neighborhood interchangeablewith all the future variables given
their currently active domains. We will note the future neighbor variables of the
variable xx with fXy,; Xk, ;5 Xk, :9. With QMAC-CPR, when the “rst future
neighbor variable xy, is considered, the two values vy, and vi, will also be
aggregatedbecausethey neededto be neighborhood interchangeablewith xy, in
order to be aggregatedby MA C-CPR.

By induction after the order of the consideredfuture neighbor variable, if
the valuesvy, and v, were aggregatedwhen the variable xi, considered,then
we shaw that they will be also aggregatedwhen the variable xy,,, is considered
as future neighbor of variable xi. Indeed, both of them will behave identically
againstall the valuesthat wereactive in the domain of variable xy,,, beforexy,
was consideredwith xy, from hypothesis. During all the processsincethat mo-
mert, the valuesof the domain of variable x,,, may have beenonly deactivated.
Therefore the behavior of v, and vi; againstthe valuesstill activein x,,, could
have remained only identical and the two values will be again aggregated. Of
course,if all the supports in xy,,, werealready deactivated for the two variables,
then both of them will be simultaneously rejected. o

Corollary 1. With QMAC-CPR we obtain at least the same aggiegations ob-
tained with MAC-CPR. Any distinct Cartesian product obtained with MAC-CPR
will be found with QMAC-CPR, eventualy merged with other Cartesian prod-
ucts.

The evertual additional aggregationswere illustrated in "gure 3. Of course,
if we would decideto rst perform at each MA C-CPR node the AC enforcemen
for all pairs of Cartesian products, and then to try againto mergethe partitions,
all these before any child node is visited, even stronger aggregationsmight be
obtained. Howeer, that may give much overheadfor "nding the rst solution.
This alternativ e is subject to further researd.

4.3 EXxp erimen ts

The most usual ways of measuringthe exciency of an algorithm searding for
solutions in CSPsare by cournting the number of constraint chedks and by mea-
suring the time neededfor solving sets of real problems. The rst measureis
basedon the considerationthat the time neededfor maintaining the data struc-
tures is more or less xed while the time neededfor chedking constraints is the
onethat should be taken into accourt if such cheds, with a complexity depen-
dert on the problem, becomeexpensiwe. That is the caseif cheking a constraint



reducesto solving a problem or handling a device.If the costof a constraint ched
is low, then the other costswill prevail and the time measuremen givesthe most
important information. However, the time measuremen is implementation and
platform dependen.

A third way of measuringthe exciency of a backtracking, courts the number
of expandednodesin the seard tree, the tree that would represern the states of
the run. Even if intuitiv ely correct, such measuremets will be in certain cases
cheated by algorithms that cluster seweral nodesinto one, without reducing the
overall cost. It is seldomthat the work doneat onenodewith di®erert algorithms
is identical.

[variables|QChecks/Checks]First Solution] DT |

20 611/624 115/116 |738/762
30 508/523 211/215 |764/791
40 847/851 524/543  |119/123
50 120/122 720/790 |107/121
60 120/123 335/354  (202/209
70 397/410 139/151 |571/574
80 183/185 167/179 |144/147

Table 1. QMA C-CPR vs. MAC-CPR

Evenif the number of expandednodesin the QMA C-CPR algorithm is clearly
higher than the one of MAC-CPR, the cost of ead node is expected to be at
least proportionally lower.

We perform our tests on binary constraints. The experiments were performed
in a Unix ernvironment under usual load. Therefore the comparison of running
time is not relevant. We will however give an idea of time results. We have chosen
to measurethe performancein term of the number of cheds.

We have implemented FC-CPR and MAC-CPR where we maintain AC at
ead step using AC6 and AC7.

As suggestedbefore, the di®erencebetween MAC-CPR and the algorithm
described in [7] is that MAC-CPR computes the interchangeabilities dynami-
cally, but it does not use the statically computed onesduring AC or for the
discrimination tree. We have also implemented the QMAC-CPR algorithm us-
ing AC6 and AC7. We have generatedrandom problemswith 20to 80 variables.
Each variable participates to 3 binary constraints in average.Each variable had
a domain of size8 and ead constraint a tightnessof 35. Those parameterswere
chosento generatethe problems closeto the peak of ditcult y.

In table 1 we presen the results obtained by comparing the algorithms on 50
examplesof ead type. The secondcolumn preseris the ratio betweenthe number
of constraint chedks neededto 'nd all solutions with QMA C-CPR respectively
with MAC-CPR. The third column preserts the sameratio when only the rst
solution was looked for.
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Fig. 4. The averagenumber of constraint cheds for MA C7 and MA C-CPR. The num-
ber of cheds for 'nding only the rst solution is shovn with dashed lines.

The structure of QMA C-CPR reducesalsothe number of comparisonsneeded
in order to built the discrimination treesduring the seard for all solutions. The
ratio of their number for QMAC-CPR and MAC-CPR was given in the fourth
column and suggestsa very small improvemert that would be brought to FC-
CPR in the seart for all solutions. We have also veri ed that both versions
of MAC-CPR bring strong improvemerts comparedwith FC-CPR. This is very
clearin the corresponding tests, but it doesnot make the subject of this paper.
Preliminary comparisonsof the two new algorithms versus MAC6 and MAC7
were also performed for 800 random problems with 40 variables, density of 30%
and 8 values per domain. The improvemerns for either "nding all solutions or
for "nding that no solution exists was of up to 20%in averagefor both time and
number of constraints chedks, asshavn in "gure 4. The “rst solution for loosely
constraint problems corntinuesto be found quicker with MAC.

The number of the Cartesian products usedto represen all solutions was
sometimesdi®erert for the two algorithms. This was due to the additional in-
terchangeabilities that appear by maintaining AC after ead future variable is
pruned. The QMAC-CPR may need less Cartesian products than MAC-CPR
as it succeedso merge someof them. The inverseis never possible. Howewer,
the averagedreduction hasreveledto be seldomabove one percert. Concerning
the time comparisons,we mertion that the ratio of the averagedobsened time
oscillated of a few percerts around 1. Certain single caseswere at maximum one
order of magnitude better in time with one algorithm than with the other.

5 Discussions

We have presenied and evaluated two possiblevariants of badtracking on CPR
using AC. MAC-CPR is a straightforward extension. QMA C-CPR is more elab-
orated and exhibit better features in theory. The empirical evaluation shows
almost similar performanceson random problems. The empirical comparison



against MA C7 shows someadvantage of the new algorithms for over-constrained
problems.

CPR infers from the partial solution obtained for one value, partial results
for other values of the samevariable. From this point of view, CPR belongsto
the classof intelligent backtrackers. Sewral researders have tried to combine
lookahead strategieswith somelearning techniques. While CBJ [9] brings some
improvemerts to FC, it seemsto alter MAC [2]. The explanation can be that
CBJ brings pruning at an average cost superior to the average exciency of
MAC. But CPR o®ershigh gains at low cost and therefore, integrating it with
lookahead strategieslike MAC can be more successfulthan it was for the other
learning techniques.

Note alsothat a versionof FC-CPR improved for nding the rst solution is
obtained by eliminating the AC propagations from QMA C-CPR.

51 EMA C-CPR

We present a possibleimprovemert of backr acking % that incorporatesfeatures
of QMAC-CPR. This algorithm has not beenimplemerted.

We note with K the number of future neighbors of the current variable and
with d the maximum sizeof a currently active domain. As previously merntioned,
the algorithm preserted in [7] can be enhancedby using the structure of the new
algorithm QMAC-CPR. Indeed, even if AC is maintained only after pruning
all the future neighbors of the current variable, that could be done with the
proceduredescribedin algorithm Extended MA C-CPR (EMA C-CPR) presered
in algorithm 2. Doing like QMA C-CPR, the cost of computing the intersection
of the partial interchangeablesetsis reducedfrom the combinatorial worst case
when all tuples of setsfrom all partial interchangeablesetsare considered K nK
to nk by maintaining on the stack the partial intersection of seweral suc sets.
In the presened algorithm, we proposeto try to mergethe statically computed
partially interchangeablesets. That can be accomplishedusing a discrimination
tree algorithm (DT enhanced ) gyer only one represetativ e value of ead of the
precomputed sets.

The algorithm DT enhanced jg the sameas the one described in [5] with the
only di®erencethat the substitutabilit y that wasobtained statically, likein [7], is
recursively usedto obtain a dynamically computed one,aspreviously mertioned.
It is obvious that if two values belonging to two di®erernt neighborhood inter-
changeablesets can be merged (are interchangeable),than the two setscan be
merged.getF D will prune from the active domain of the future variable implied
in dts the valuesdeactivated in dts. The changesto domains are recordedwhen-
ever done(at lines 2.2,2.3)and they canlaunch an AC maintenance(at line 2.4).
The other functions of EMA C-CPR are the samewith thosein QMAC-CPR.

6 Conclusion

Two variants of MA C with CPR, called MAC-CPR and QMA C-CPR, weredewel-
oped and presented in this paper. The corresponding advantagesand drawbadks



aswell astheir sourceswere discussed.QMA C is theoretically better but shovs
no signi cant gains on random problems. The result of the theoretical analysis
remains interesting.

QMAC can be seensimultaneously as both primal and dual spaceoriented.
Indeed, the seard is performed variable after variable, and in the sametime
it is performed constraint after constraint. For example, in the caseof binary
constraints, consideringa pair of variablesas QMA C-CPR doeswith the current
and a future neighbor variable, reducesto considering the constraint linking
them. This can help in the understanding of the two streams of approades. By
studying it, further algorithms could be transferred in an improved way from
one of them to the other one. An example of such an application is suggestedn
section 5.1.
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1.1

12

13
14

15

1.6

1.7

1.8

pro cedure Solv e(currCP, varCrt, varFut, currFD)
if (varFut==nil) then

end

end

s Q

end

end
end

end.

if (existsNextVar(varCrt)) then

v=getNextV ar(varCrt)

add(currCP ,domain(v))

newFD=pro ject(currFD,v)
solve(currCP,v,getFirstF utV ar(v),newFD)

else

ReportSolution(currCP)

return

t=DT(v arCrt, varFut, currFD)

hile (!empty(dt)) do
dts=next(dt)
newCP=in tersectCP(currCP, dts, varCrt)
if (modi es(dts,currCP,currFD)) then

newFD=propagate(currFD,dts,v arFut)
if empty(newFD) then

| continue

end

else

newFD=currFD

if (existFutureVariable(varCrt, varFut)) then

newFutureV ar=getNextF utV ar(varCrt,v arFut)
solve(newCP,varCrt,newF utureV ar,newFD)

else

v=getNextV ar(varCrt)
add(newCP,domain(v))

newFD=pro ject(newFD,v)
solve(newCP,v,getFirstF utV ar(v),newFD)

Algorithm  1: QMAC-CPR




2.1

2.2
2.3

2.4

pro

cedure Solv e(currCP,varCrt, varFut, currFD)
if (varFut==nil) then
if (existsNextVar(varCrt)) then
v=getNextV ar(varCrt)
add(currCP ,domain(v))
newFD=pro ject(currFD,v)
solve(currCP,v,getFirstF utV ar(v),newFD)
else
| ReportSolution(currCP)

end

return

end

dt=DT emanced (yarCrt, varFut, currFD)

while (lempty(dt)) do

dts=next(dt)

newCP=in tersectCP(currCP ,dts,varCrt)
newFD=getFD(currFD,dts,v arFut)

if (existFutureVariable(varCrt,varF ut)) then

else
if (changesToDomains()) then
AC® ()
if (empty(newFD)) then
| continue
end
end
v=getNextV ar(varCrt)
add(newCP,domain(v))
newFD=pro ject(currFD,v)
solve(newCP,v,getFirstF utV ar(v),newFD)

end

end

end.

Algorithm  2: EMAC-CPR

| solve(newCP,varCrt,getNextF utV ar(varCrt),newFD)




