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Abstract.
Distributedweightedconstraintsatisfactionproblemsoccur, for example,when

privacy requirementsexcludethecentralizationof theproblemdescription.New de�-
nitionsof arcconsistency (AC) andnodeconsistency (NC*) for centralizedweighted
constraintsatisfactionproblems(WCSP)have beenrecentlyproposedandprove in-
creasedsimplicity andeffectiveness[4]. We show how they canbeexploitedin asyn-
chronoussearch:(a)WeightedConsistency Labels(WCL) areintroducedto represent
costsinherentto eachvalueof a variablein anexploredsubproblem.(b) A maximal
propagationof the weightswith NC* canbe guaranteedby either(b') designatinga
singleagentfor performingthesummationof thecostssynthesizedby differentagents
for thesamevalueandsubproblem,or (b”) having all agentslearnandseparatelysum
up all suchcosts.(c) The obtainedweightscombinedwith asynchronousBranch&
Bound(B & B) leadsto a distributedequivalentof powerful centralizedversionsof
B & B. (d) Theheuristicfunctionneededby asynchronousA* canalsobeextracted
from suchcostscomputedconcurrentlywith thesearch.

1 Intr oduction

An agent's private requirementscan often be formulatedin a generalframework suchas
constraintsatisfactionproblems(i.e.whereeverythingis modeledby eithervariables,values,
or constraints)andthencanbesolvedwith any of theapplicableCSPtechniques.But often
onehasto also�nd agreementswith theotheragentsfor a solutionfrom thesetof possible
valuationsof sharedresourcesthatsatisfyhersubproblem.Thegeneralframework modeling
thiskind of distributedcombinatorialproblemsis calledDistributedConstraintSatisfaction.

In practiceoneoftenmeetsoptimizationproblems.Thetechniquesdevelopedfor satisfac-
tion problemshave provento bevery usefulwhenadaptedto �t optimizationproblems(e.g.
arcconsistency maintenanceled to PFC-MRDAC [5]). Two simplerandef�cient techniques,
W-AC andW-AC*, wererecentlydevelopedfor enforcingarcconsistency in WCSPs[4].

DistributedWeightedCSPs(DisWCSPs)is a generalformalismthatcanmodelnegotia-
tion problemsandcanquantify their privacy requirements[15, 2, 14]. Hereit is shown how
abasictechniquefor constraintsatisfaction,namelymaintenanceof consistency canbecom-
binedwith W-AC* andappliedto asynchronousBranch& BoundandA* for optimizationin
DisWCSPs.
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x1=x2 0 1 2 3
0 2 5 4 7
1 2 6 5 4
2 1 5 5 7
3 1 2 2 1

Figure1: Exampleof aconstraintin aWCSP.

We �rst introducethedistributedWeightedConstraintSatisfactionProblemandtheno-
tion of arcconsistency for weightedCSPs,W-AC*. Theinitial de�nition of W-AC* consid-
eredonly binaryconstraints,but its extensionto n-aryconstraintsis sostraightforward that
we presentit directly. Next, we introducethebasicasynchronousbacktrackingalgorithmfor
solving distributedCSPs,ABT. Threeincrementalmodi�cations to ABT areusedto intro-
ducetheproposedtechnique.A �rst smallmodi�cation to ABT is ABT-cL, andis intended
to allow us more �e xibility for future modi�cations. The secondmodi�cation shows how
Branch& BoundcanhelpABT-cL to tackledistributedDisWCSPs.In theend,asetof alter-
nativewaysof maintainingarcconsistency areanalyzedandcomparedtheoretically.

2 Distrib uted WeightedCSPs

CSP A constraint satisfactionproblem(CSP)is de�ned by threesets:(X , D, C). X =
f x1; :::; xng is a setof variablesandD = f D1; :::; Dng is a setof domainssuchthatx i can
take valuesonly from D i . C = f � 1; :::; � cg is a set of constraintssuchthat � i is a pred-
icateover an orderedsubsetX i of the variablesin X , X i � X . An assignmentis a pair
hx i ; vi meaningthat thevariablex i is assignedthevaluev. � i speci�esthe legality of each
combinationof assignmentsto thevariablesin X i with valuesin their domains.

A tupleis anorderedset.Theprojectionof thesetof assignmentsin a tuple� overa tuple
of variablesX i is denoted� jX i . A solutionof a CSP(X , D, C) is a tupleof assignments� �
with oneassignmentfor eachvariablein X (i.e. � � 2D 1� :::� Dn) suchthatall theconstraints
� i 2 C aresatis�edby � � jX i .

ConstraintSatisfaction Problems(CSPs)do not model optimizationrequirements.An
extensionallowing for modelingoptimizationconcernsis givenby WeightedCSPs.

De�nition 1 (WCSP). A WeightedCSPis de�nedbya triplet of sets(X ; D; C) anda bound
B. X andD arede�nedasin CSPs.In contrastto CSPs,C= f � 1; :::; � cg is a setof functions,
� i : D i 1 � :::� D i m i

! IN1 where mi is thearity of � i .
Its solutionis � � = argmin

� 2 D 1 � :::� D n

P c
i =1 � i (� jX i ), if

P c
i =1 � i (� � jX i ) < B .

Example1. Anexampleof a binaryconstraint in WCSPsis givenin Figure1. It is knownthat
anymaximizationproblemcanbestraightforwardly translatedinto a minimizationproblem.
WeightedCSPcanbealsodistributed.

A DistributedCSP(DisCSP)is de�ned by four sets(A; X ; D; C). A=f A1; :::; Ang is aset
of agents.X , D, C andthesolutionarede�ned like in CSPsexceptthat jCj= jX j= jAj= n.
Assignmentsfor eachvariablex i canbeproposedonly by A i . Eachconstraint� i is de�ned
only on x i andits predecessors,andis known only by A i .
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De�nition 2 (DisWCSP). A DistributedWeightedCSPis de�ned by four sets(A; X ; D; C)
and a boundB. A; X ; D are de�ned as for DisCSPs.In contrast to DisCSPs,C is a setof
functions� i : D i 1 � :::� D i k i

! IN1 de�ned on x i and on someof its predecessors, and
knownonlybyA i .

Its solutionis � � = argmin
� 2 D 1 � :::� D n

P c
i =1 � i (� jX i ), if

P c
i =1 � i (� � jX i ) < B .

Ar c consistency Werecall(seeany basicAI manuallikeRussell&Norvig's [10]) thatlocal
arc/boundconsistency is a propertyof a labelingof variablesfor a CSP. A label for x i is
nothingelsethana setof valuescontainingthepossiblevaluationsof x i . In initial problem
descriptionsvariablesmayalsohave in their domainsvaluesthatno not appearin any solu-
tion. While suchvaluesaddexponentialcomplexity to systematicsearchtechniques,someof
themcanbedetectedandeliminatedwith local observationson smallsubproblemsbounded
by a prede�nedsize.Theseeliminationsrequireaneffort that is only polynomialin thesize
of theglobalproblem.Therefore,recalculation/shrinkingof labelsbasedon local reasoning
is aprincipledtechnique,very recommended,speciallyin its formswherecostcomplexity is
of a low polynomialdegree(achievementof node,arc,bound,singletonconsistencies).

W-AC* W-AC* is a recentnotionof consistency in WCSPsbasedon an inherentcostof
the problem,C; , commonto any solution.It alsoemploys Cx i [v], an inherentcostof each
valuev for eachvariablex i . Cx i [v] is anadditionalcost(besidesC; ) appearingin any solution
wherev is assignedto x i . It is de�nedbasedonanupperboundB for thecostof anacceptable
solution.Theinitial de�nition of W-AC* consideredonly binaryconstraints,but its extension
to n-aryconstraintsis straightforwardandwepresentit directly.

De�nition 3 (NC*). Let P = (X ; D; C) bea WCSPwith B thelowestknownupperbound
for an acceptablesolution.hx i ; vi is nodeconsistentif C; + Cx i [v] < B . Variable x i is node
consistentif: i) all its valuesare nodeconsistentand ii) there existsa valuev 2 D i such
that Cx i [v] = 0. Valuev is a supportfor variable's x i nodeconsistency. P is nodeconsistent
(NC*) if everyvariableis nodeconsistent.

De�nition 4 (AC*). hx i ; vi is arc consistentwith respectto constraint � k if it is NC* node
consistentand there is a tuple of assignments� for all variablesin X k such that � j f x i g =
fhx i ; vig and � k(� ) = 0. Tuple � is called a supportof v. Variable x i is arc consistentif
all its valuesare arc consistentwith respectto everyconstraint affectingx i . A WCSPis arc
consistent(AC) if everyvariableis arc consistent.

Initially Cx [v] andC; aresetto0. Forn-aryWCSPs,W-AC* runsby iteratively increasing
differentCx [v] by projectionsfrom someconstraint� k , or decreasinga Cx [v] by projecting
it unto C; , until a �x point is achieved. Namely, the �x point may dependon the orderof
theoperations.Cx [v] is increasedby subtractingandtransferringto it minf � jhx;v i2 � g � k(� jX k ),
from all thevaluesf � k(� jX k )jhx; vi 2 � g, enforcingAC arcconsistency. Eachvaluev such
thatCx [v]+ C; is higherthanthecurrentboundfor acceptablesolutionis removed,achieving
NC consistency. A commonshareof minv Cx [v] of eachweight accumulatedin Cx [v] is
transferredto C; , andthis lasttypeof operationobtainswhatis calledNC* nodeconsistency.

3 Asynchronousalgorithms

Asynchronismincreasesrobustnessin solvingdistributedproblems[1]:
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� if a singlelink suffers of congestion,a synchronousalgorithmrunsat the speedof that
slowestlink.

� in similar conditions,asynchronoustechniquesslow down only in momentswhen the
slow link is essential.

Synchronizationsalso force agentsto communicateall the private informationdue in that
round(usuallycalledepoch),evenif somedivulgationscanbeprovenunnecessaryby subse-
quentcommunications.

A solutionis to let thedistributedsolvingrunasynchronously. Namelytheagentsneednot
synchronizebut ratherthey can�e xibly exchangemessagesof several types.Only a subset
of thesemessagesarerequiredin orderto guaranteecorrectnessproperties,but even those
messagescanbesentwith aboundeddelay.As explainedbefore,this improvesrobustnessto
slow links andhandlingof privacy. [13, 1].

We proposean asynchronousalgorithm that exploits consistency maintenanceconcur-
rently with searchin a way that lets the mostpromisingbehavior to emerge. It consistin
runningasynchronousbacktracking(ABT), on top of which distributed' local' consistency
achievementis enforcedindependentlyandconcurrentlyonseveralsubproblemsthatarede-
�ned dynamically.

ABT ABT is a techniquecurrentlyknown for solvingDisCSPs,whereeachagentA i asyn-
chronouslyandconcurrentlywith theotheragentsperformsBacktracking's actionsto assign
x i with a valuefrom D i [17, 16]. The assignmentis announcedvia ok? messagesto lower
priority agents,namelyagentsA j , j >i . In makingherassignmentA i mustsatisfy� i given
theotherassignmentssheknowsfor X i from higherpriority agents.Whenthis taskis impos-
sible,A i announcesthelowestpriority agentAk amongthosewhoseassignmentsexplain the
con�ict, by sendinghertheexplanation.A con�ict explanationis callednogoodandconsist
of thesetof inconsistentassignments.This explanationis integratedin � k . A i alsoremoves
thatassignmentof xk , which shouldallow herto now make herassignmentor �nd a second
con�ict (recursively callingbacktrack).

A further improvementconsistsof allowing agentsto sendnew assignmentsandlabels
for a variablex i only to thoseagentsA j thathaveconstraintsinvolving x i . We saythatA j is
interestedin x i . Whena new agentreceivesa con�ict explanationcreatinga constrainton a
new variablexk , it announcesthis to Ak via anadd-link message.

Algorithms 1 and 2 contain the pseudocodeperforming the functionalitiesdescribed
above. check agent view is whereagentstry to make their assignmentand backtrack is
wherethey treatcon�icts asdescribedabove. EachagentA i maintainsa setoutgoing-links
namingthe otheragentshaving constraintson the variableit owns,x i . It alsomaintainsan
agent-view, namelythesetof latestproposalsreceivedfrom eachagentandthatarestill valid
(i.e. they arenot yet expectedto have beenchanged).Agentsexchangeok?, add-link, and
nogoodmessageswith instantiationproposals,interests,respectively nogoods:

� ok? messagesaresentfrom A i to lowerpriority agentsproposingavaluevi for x i (times-
tampedwith cx i ).

� add-link messagesaresentfrom anagentA i to ahigherpriority agentA j to show interest
in currentandfutureproposalsfor x j . It is normallydueto theacquisitionof constraints
on x j by A i .
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when received (ok?,hx j ; vj ; ; cx j i ) do
if (old cx j ) then return;
* if (j � cLi ) then cLi  i *//only in ABT-cL;

1.1 add(x j ,vj ,cx j ) to agentview;
eliminateinvalidatednogoods;
*maintain consistency(j)*//only in DisWMAC;
check agent view; //only satis�esconsistency nogoodsof levelst, t< cLi , in ABT-cL;

enddo.
procedure check agent view do

whenagentview andcurrentvaluearenotconsistent//cf. nogoodsof levelst, t< cLi

if novaluein D i is consistentwith agentview then
backtrack;

else
selectd 2 D i whereagentview andd areconsistent;
current value v; C i

x i
++;

send(ok?,hx i ; v; C i
x i

i ) to lowerpriority agentsin outgoinglinks;
end

enddo.

Algorithm 1: Proceduresof A i for receiving ok? messagesin ABT, ABT-cL, andDisWMAC.

� nogoodmessagesaresentfrom an agentA i to a higherpriority agentA j to announce
animpossiblepartialvaluationof evenhigherpriority proposalsdueto thevalueof x j it
knows.

4 Preliminary adjustments

First modi�cation: ABT-cL In ABT, whenanogoodis sentto A j , x j is expectedto change
andis thereforeremovedfrom agent view. In typicalversionswith polynomialspacerequire-
ments,forgettingassignmentsleadsto forgettingthenogoodsin which they areinvolved.

We do not want to forgetdatastructures(namelyconsistency labels)thatmaybestored
by otheragents.This can leadto persistentinconsistency in the views of the agentsanda
distributedW-AC* algorithmmaynotconvergeto aconsistent�x point.

For integrationwith theproposedalgorithm,a thresholdcLi is introducedfor eachagent
A i (initially having valuei ). An agentcheckstheconsistency of anassignmentonly versus
assignmentsreceivedfrom agentsA j , j <cL i . Whenanogoodis sentto Ak , cLi is reducedto
k. Theagentcantry again to make herassignment.cLi is resetto i whenanok? messageis
receivedfrom Ak , k� cLi . Thisversionis calledABT-cL.

Lemma 1. After each sendingof a nogoodmessage (which reducesthecLi ), eitherA i will
eventuallyreceiveanassignmentfor a variablex j , j� cLi (which resetscLi to i ), or failure is
detected.

Proof The agentAcL i will eitherchangeits assignment,or the con�ict speci�ed in the
nogoodis invalidatedby someprevious changeof assignment,or recursively AcL i sendsa
nogoodfor which it expectsanew assignment.

The recursioneithergoesuntil an empty nogoodis detected(e.g.at latestby the �rst
agent),andfailureis detected,or changesof assignmentsarefoundto invalidateall thecon-
�icts speci�edin thegeneratednogoods(to avariablex j ; j < cLi from thenogood).q.e.d.
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when received (nogood,A j ,: N ) do
if (((hx i ; v; ci2 N ^ (A i knows(M ! (x i 6= v))) ^ : (better: N than: M)) _ invalid(: N )))
then

if (currentversionstoresall nogoods)then
whenhxk ; vk ; tk i , wherexk is not connected,is containedin : N

sendadd-link to Ak ;
addhxk ; vk ; tk i to agent view;

store: N ;
end

else
whenhxk ; vk ; tk i , where xk is not connected,is containedin : N

sendadd-link to Ak ;
addhxk ; vk ; tk i to agent view;

put : N in nogood-listfor x i =v;
addall new assignmentsin : N to agent view;

2.1 reconsiderstoredandinvalidatednogoods;
end
*maintain consistency(smallestmodi�ed level)*//only DisWMAC;
check agent view;

enddo.
procedure backtrack do

nogoods f V jV= inconsistentsubsetof agentview� cLi g;
whenanemptysetis anelementof nogoods

broadcastto otheragentsthatthereis no solution;terminatethisalgorithm;

for every V 2 nogoodsdo
selecthx j ; vj ; tx j i wherex j hasthelowestpriority in V;

2.2 send(nogood,A i ,V ) to A j ;
*cL i  j� 1 // only ABT-cLi *;

enddo
check agent view;

enddo.

Algorithm 2: Proceduresof A i for receiving nogoodmessagesin ABT, ABT-cL, andDis-
WMAC.

Theorem 1. ABT-cL is correct,completeandterminates.

Proof Correctness(i.e. at quiescencethe stateis a solution): From Lemma1 it results
thatat quiescence(without detectingfailure)all cL i areequalwith i . Also, at quiescenceall
agentsknow thelastassignmentsof their predecessorsbasedon timestamps.Thereforeeach
agentA i is consistentwith all assignmentsto previous variableshaving � i satis�ed. This
meansthatthesetof all assignmentssatis�esall constraints.
Completeness(i.e. failure cannotbe detectedif there is a solution): All usednogoodsare
generatedbasedon logical inference.No failurecanthereforebeinferredif asolutionexists.
Termination: Recursively for i growing from 1 to n, onceagentsA j ; j <i no longerchange
their assignments,A i eitherexhaustsits domaingeneratinga valid nogoodleadingto failure
in �nite time,or oneof its proposalswill neverberefusedwith anogood.q.e.d.

Thetechniqueproposedin ABT-cL is somewhatsimilar to amechanismweusedin [11],
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when received (solution,B) do
add� (x) to thesetof local constraints:

� (x) =
�

1 if
P

known xc i
xci � B

0 if
P

known xc i
xci <B

enddo.
procedure solution-detected(solution)do

B  
P

(xci ;C i ;k i )2 solution Ci ;
broadcast(solution,B)

enddo.

Algorithm 3: Procedureof A i for receiving solution messagesin ABT-cL-BB. All other
proceduresareinheritedfrom ABT-cL. The proceduresolution-detectedis run by whoever
detectsandbuilds thesolution.If eachagentbuilds thesolutionseparatelythenthemessage
needsnotbebroadcastbut justdeliveredlocally.

but heretheresetingof cLi to i on thereceiptof anok? messagehadto bemadeexplicit.

Secondmodi�cation: Branch and Bound Soft (weighted)constraintsalonecannotbe
usedto prunethesearchspace.Theextensionof ABT-cL to DisWCSPsis basedonexploiting
the hard constraints(bounds)de�ned by alreadyfound solutions.Let us introducea new
variablexci , xci � 0 for eachagentA i . Thesevariablesmodelthecostof thecurrentproposal,
i.e. thevalueof � i . Sinceall agentsareinterestedin thevariablesxci , all theagentsarein the
outgoing-linksof eachagentA i for thevariablexci . A i proposesxci = k whenhisproposalfor
x i hascostof local constraintsk.

Example 2. E.g. considerA2 having � 2 given in Figure 1, and having in her agent view
x1 = 0. xc2 is assignedk=4 whentheproposalof A2 is x2 = 2.

If her agent view is empty, A2 picks a costof her choiceamongthosepossiblefor her
proposal.E.g. whenproposingx2 = 2 withoutknowingx1, A2 couldpick xc2 = 2 (which is
otherwisetrueonly if x1 = 3).

In Branch& Bound(B & B) theideais to discardsearchpathsfor which it is proventhat
any enclosedsolutionis moreexpensivethansomealreadyfoundsolution.Any solutionwith
valueB de�nes thereforea nogood(i.e. dynamicallyinferredconstraint),

P
i xci <B , that is

broadcastto all agents.It is known thatxci � 0, thereforeeachagentcanenforcetheweaker
constraint: X

known xc i

xci < B

No othermodi�cation is requiredandanew B & B algorithmis obtained.Thelastfound
solutionis optimal.Thisalgorithmis calledABT-cL-BB.

Remark 1. With ABT-cL-BB,thevalueof a solutionis givenbythesumof thevaluesassigned
in it to thexci variables.

Eachtimethatasolutionis detected,asolution messageis broadcastto participants,hav-
ing asparameterthevalueB of theobtainedsolution.Algorithm 3 showshow theconstraintP

i xci <B is addedto eachagent.Initially B = 1 andagentsenforce
P

i xci < 1 .
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Proposition2. ABT-cL-BBis correct,complete, terminates,and�nds theoptimalsolution.

Proof. Theproof is immediatefromthecorrectnessof ABT-cL andbyconstruction(intro-
ductionof B & B behaviorwhich is knownto becorrect).

It wasalreadymentionedthat Branch& Boundcanbe addedto several asynchronous
techniques[12]. Thereis no speci�c differencein the way in which it was addedhereto
ABT-cL.

5 Asynchronousmaintenanceof W-AC*

Weproposeto maintainarcconsistency concurrentlyfor eachsubproblemPk , k2f 0::ng, gen-
eratedby addingto DisWCSPthe last proposedassignmentsof agentsA i ; i � k. Intuitively,
this is doneby having eachagentA j ; j >k asynchronouslyandconcurrentlycomputeconsis-
tentlabelsfor herview of theproblemPk . Her view of a DisWCSPconsistsof � j andof the
labelsit knows.Thelabelsmodi�ed by thiscomputationaresentby A j to all agentsA i ; i � k.

5.1 Factoringoutweights

In theprevioussectionit canbenoticedthatin ABT-cL-BB, costcon�icts wereonly detected
from partial valuations.A betterideahasbeenintroducedfor centralizedtechniquesin [5,
6, 9], wherepropagation of labelsalsoestimatecosts.The mostpromisingamongthemis
W-AC*. Weproposeto exchangeW-AC* labels,Cx andC; , obtainedby A i togetherwith the
assignmentsexplaining them,underthe form of a WeightedConsistency Labelwhich hasa
stand-alonelogic semantic.

De�nition 5 (WeightedConsistencyLabel). A weightedconsistencylabel(WCL)for a level
(i.e. search depth)k anda variablex hastheformhA i ; x; k; C i

x [k]; C i
; [k]; V i .

V is a setof assignments.Any assignmentin V musthavebeenproposedby Ak or its
predecessors.A i is theagentcomputingtheWCL.C i

x is a setof inherentadditionalcostsof
each valueof x givenV andwhenthecostinherentto theproblemof A i is C i

; [k].

An assignmentis valid if no assignmentwith a newer timestampis known for thesame
variable.

De�nition 6 (valid weightednogood). A WCLis valid only as long asall theassignments
involvedin it arevalid.

5.2 Considerationsin choosingDataStructuresfor DisWMAC

The family of algorithmsproposedhere,DisWMAC, builds on ABT-cL-BB by addingthe
useof WCLs for propagatingcosts.

Thefollowing approachesareknown for maintainingdatastructureswith nogood-based
consistency (consideringthatlabelsaretreatedasranges):

� DMAC0: Storing only the last valid consistency nogood(CN) per variable(relatedto
whatwasdonein [3] for eachvalue).

� DMAC1:Storingonly thelastvalid CN pervariablepersearchdepth(asin MHDC [12]).
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� DMAC2:Storingonly thelastvalid CN pervariablepersearchdepthperagentgenerating
CNs(asin theversionof DMAC proposedin [11]).

� DMAC3:Storingonly thelastvalid CN pervariablepersearchdepthperagentgenerating
CNsandperagentwhoseconstraintsarenot involvedin theCN (asin [12] for robustness
in treatingopenness).

All of the previous four alternatives translateto DisWMAC, storing WCLs insteadof
CNs.

We recall that maintenanceof W-AC* is doneby modifying constraints.Thereforethe
agentsalsoneedto storea distinctcopy of herconstraintfor eachconsistency level, tagged
with theview basedon which it wasmodi�ed. Theresultingtechniquesarethereforecalled:
DisWMAC0,DisWMAC1,DisWMAC2,DisWMAC3.

In the previous versionseachagentreinforcesseparatelythe consistency of the labels.
With W-AC*, theproblemcommoncostC; cannotbereliablecomputedlocally if anagent
doesnotknow all thelabelsof all variables.ThisrequiresthateveryWCL is sentto all agents
in thatlevel.

A wayto alleviatethisrequirementis by decidingagentsresponsiblefor thefractionof C;

comingout of eachvariable.Namely, A i will beresponsiblefor computinganddistributing
the incrementof C; that is obtainedfrom Cx i . In the obtainedscheme,DisWMAC4, each
agentA i needsto storefor eachlevel k, andagentA j :

� the last WCL received from A j for the variablex i at level k, including the last C j
; [k]

receivedfrom eachA j ,

� andaWCL for eachx j from agentA j .

Theadvantageof DisWMAC4 is thatA i will not needto announceeverybodyeachchange
in eachsetC i

x [k]. Sheonly needsto announcechangesof C i
x j

[k] to A j . Changesto C i
; [k] still

haveto beannouncedto all agentsA j ; j � k. A i is thesingleagentthatcanknow all thevalues
thatcanbesafelyremovedfrom thedomainof x i andoneachmodi�cation of thelabelof x i

at level k it hasto sendaWCL to eachotheragentA j ; j � k.

5.3 TheDisWMAC4 Algorithm

The DisWMAC4 algorithmillustrateswell the tradeoffs in maintainingW-AC*. As shown
before,W-AC*, maintainsan inherentcostof theproblem,C; , thatwill be in any solution.
It also maintainsan incrementalinherentcost of eachvalue v for eachvariablex, Cx [v].
Cx [v] occursin any solutionwherex is assignedto v. In DisWMAC4, A i is responsiblefor
computinganddistributing theincrementof C; thatcanbeobtainedfrom Cx i . Thestructures
usedin Algorithm 4 are:

� B is thecostof bestsolutionannouncesofar.

� ck
xv

(j ; i ) is the last timestampreceived by A i from A j for a WCL for xv at level k. In
DisWMAC4 v is eitherj or i .

� � i [k], is thevectorof weightedconstraintsof A i ateachlevel k togetherwith anexplaining
view.
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when received(propagate,A j ,xv,k,C0j
xv

[k],C j
; [k],ck

xv
(j ), V) do

3.1 whenhavehighertagck
xv

(j ; i )� ck
xv

(j ) then return;
ck

xv
(j ; i )  ck

xv
(j );

whenany hx; v; ci in V is invalid (old c) then return;
whenhxu; vu; cu i , with a notconnectedxu is in V

sendadd-link to Au;
addhxu; vu; cu i to agentview;

3.2 addothernew assignmentsin V to agentview;
eliminateinvalidatednogoodsandstructures;
if (i=v) storeC0j

xv
[k] asK j

x i
[k], elseasC j

xv
[k];

alsostoreC j
; [k], bothtaggedby V;

maintain consistency(min level thatis modi�ed);
check agent view; //up to level t, t� cLi ;

enddo.
procedure maintain consistency(minT)do

if (minT > cLi ) then return;
3.3 for (t minT; t� i; t++) do

new-cns local-W-AC*(t);
when (domainwipeoutexplainedbynogoods)

if �nding anemptynogoodthen
broadcastfailure;

end
for every V 2 nogoodsdo

selecthx j ; vj ; cx j i wherex j hasthelowestpriority in V;
3.4 send(nogood,A i ,V) to A j ;

cLi  min(j,cLi );
enddo
break;

for every (K i
xu

[t],V i
u [t]) 2 new-cnsdo

whenC i
xu

[t] is modi�ed
ct

xu
(i )++;

3.5 send(propagate,A i ,xu,t,K i
xu

[t],C i
; [t], ct

xu
, V i

u [t]) to Au;
enddo
whenC i

x i
[t] is modi�ed

3.6 send(propagate,A i ,x i ,t,C i
x i

[t],C i
; [t],ct

x i
,V i

i [t]) to all otheragentsA j ; j � t inter-
estedin x i ;

whenC i
; [t] is modi�ed

3.7 send(propagate,A i ,x i ,t,C i
x i

[t],C i
; [t],ct

x i
,V i

i [t]) to all otheragentsA j ; j � t;

end
enddo.

Algorithm 4: ProcessingreceivedWCLs.

� K i
x j

[k] is the inherentcostvectorfor eachvalueof variablex j asinferredfrom thecon-
straintsof A i at level k. It is computedby A i andsentonly to A j togetherwith an ex-
plainingview.
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procedure local-W-AC* (t) do
updateC i

x i
[t] andC i

; [t]; C;  
P

j C j
; [t];

until convergence;
4.1 for every variablexv achieveNC for xv in � i [t];

for every activevalueu of xv do
if valueu in xv hasno supporton a variablethancreatesupportfor xv= u, transfer-
ring � i [t] tupleweightsuntoK i

xv
[t][u];

K i
x i

[t][u] propagatesto C i
x i

[t][u];
4.2 enforceNC* of x i by reducingC i

x i
[t][u] untoC i

; ;
4.3 reinforceNC onxv consideringweightincrements

of K i
xv

[k];
enddo
returnsetof modi�ed pairs(K i

xu
[k],V i

u [k]);
enddo.

Algorithm 5: LocalW-AC* computation.

� C j
; [k] is theinherentcostdueto thevariablex i at level k. It is computedanddistributed

by A j togetherwith anexplainingview.

� C i
x j

[k] is thecurrentlyaccumulatedcostof all agentsfor assigningx j to any of its values
in the currentsearchbranchat level k. It is summedup anddistributedby A j together
with anexplainingview.

� C; [k], is theglobalcostusedduringlocalW-AC* computationsat level k.

EachagentA i locally enforcesW-AC* at eachlevel k, whereC; is given by the sum
betweenall receivedC j

; [k] anda C i
; [k] thatcanbeextractedfrom summinglearnedvectors

K j
x i

[k] for eachj . For this eachagentcomputesthe sumof all K j
x i

[k] that shelearnsand
decomposesit into aC i

; [k] andaC i
x i

[k] by enforcingNC*.
C i

; [k] andC i
x i

[k] mustberecomputedon eachrelevantchange.EachagentA i computes
its C i

; [k] by applying NC* only on x i . All other variablesare madeconsistentwith NC.
Also, eachagentA i sendswith WCLs for x i , C i

x i
[k], while for othervariablesx j it sends

K i
x j

[k]. The improvementsuggestedat line 4.3 allows to avoid needof communicationfor
propagatinglocally pruningsof aforeignvariabledetectedby anagent.WCNsareexchanged
via a new type of messages,propagate, and a pseudocodeof the describedtechniqueis
proposedin Algorithm 4.

Remark 2. Whenthevaluetransferedby AC fromtheweightsof a constraint � i [k] to C i
x [v]

is 1 , thenall theweightsof � i [k] for x= v canbesetto 0 (this changesnothingasthey are
anyhowremovedbyNC).

Lemma 2. DistributedW-AC* for a subproblemde�ned by a givensetof assignmentsV
convergesin �nite time.

Proof DistributedW-AC* only sendsapropagatemessageif:

� An in�nite weightof � i is reducedto 0, to increasean elementof a vectorC i
x (seeRe-

mark2).

� A non-in�nite weightof � i is reducedto increaseanelementof avectorC i
x .
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� If weightsof C i
x aretransferedto C i

; .

Sincethe sumof non-in�nite weightsof each� i is �nite, the total numberof suchop-
erationsthat is possibleis �nite, thereforethe distributedW-AC* terminatesin �nite time.
q.e.d.

Theorem 3. DisWMAC4 is correct,completeandterminates.

Proof Correctness(at quiescencewithout detectingfailure the valuationis a solution):
As in Theorem1, from Lemma1 it resultsthat if no failure is detectedtheneachagentis
consistentwith predecessorsandall constraintsaresatis�edatquiescence.
Completeness(no failure canbedetectedif a solutionexists): All valueremovalsandneeds
of assignmentchangesin eachsubproblemarebasedon logical inference.Therefore,if a
solutionexistsno failurecanbeinferred.
Termination: Similarly to Theorem1, recursively it can be shown that in �nite time after
agentsA j ; j < i nolongerchangetheirassignments,A i will stopreceiving propagatemessages
as the distributed W-AC* is known to converge. TheneitherA i generatesa valid nogood
leadingto detectionof failure,or oneof its proposalswill never be rejectedwith nogoods.
Theremoval of additionalvaluesfrom domainscanonly speedup termination.q.e.d.

Example3. Twopossiblerunsof DisWMAC4for a DisWCSPwith twoagentsA1 andA2 and
a singleconstraint (betweenx1 andx2) enforcedby A2 is shownin Figure 2. Theconstraint
of A2 is theonein Figure1. Thetracesdiffer by theorder in which local-W-AC* enforcesAC
on its variables.Here wedo not detail thewayin which an agentS candetectthesolution,
asseveral such techniquesare well known.The�r st foundsolutionhascost2, andafter this
boundis addedas a constraint by everybody, the next foundsolutionhascost1. Whenthe
bound1 is added,A2 canimmediatelydetectthat there is nobettersolutionthanthis.

6 Discussion

DisWMAC3 TheDisWMAC3algorithmneedsslightly morestructuresaseachagentmust
storeall K j

x [k] of eachotheragent.It also requiresthat eachchangeof K i
x j

[k] be sentto
all otheragentsA t ; t� k, while DisWMAC4 doessoonly for changesin C i

; [k] (seelines3.7
and3.6).Nevertheless,DisWMAC3is simpler, nothaving to communicateany C i

; [k], aseach
agentdetectsthemlocally. Moreover, thecommunicationdelaycanbereducedby half due
to thefactthatno intermediaryagentstaysin themiddleof acommunication.

A* Recently, anothertechnique,calledAdopt [8], shows how A* valueorderingheuristic
can be introducedin ABT. The Maintaining Consistency techniqueproposedhereactsin
DisWMAC asa heuristicestimatorin eachnode.Whenthe algorithmworks in A* mode,
namelyabandoningeachnodewhenits heuristicvalue is higher thanthe valueof another
alternative, thenthetheoryof A* applies.In thiscase,adominantheuristicexpandsastrictly
smallersearchspace.

De�nition 7. In asynchronousA* search, a heuristicfunctionh1 is dominantover h2 if at
anytime, thevalueit estimatesis higheror equalto h2, andstill admissible(optimistic).

Usinga powerful techniquefor estimatingtheheuristicfunction is dominantonly asfar
as it performsconstantlybetter. In practiceit is seldomthat two searchtechniquescanbe
comparedin thisway. Experimentationis thereforerequiredto verify whichoneworksbetter,
but oneexpectsthata techniquethatin generalis betterin search,is alsobetterasaheuristic.
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First scenario:

1: A1 ok?hx1; 0; 1ihxc1 ; 0; 1i ! A2

2: A2 –propagate(A2,x1,0,(2,2,1,1),0,; )– ! A1

3: A2 –propagate(A2,x2,0,(0,1,1,2),0,; )– ! A1

4: A2 –propagate(A2,x1,1,( ,2, , ),0,hx1; 0; 1i )–! A1

5: A2 –propagate(A2,x2,1,(0,2,3,2),0,hx1; 0; 1i )–! A1

6: S solution(2) ! everybody
7: A2 nogood(hx1; 0; 1i ) ! A1

8: A1 ok?hx1; 1; 2ihxc1 ; 0; 2i ! A2

9: A2 nogood(hx1; 1; 2i ) ! A1

10:A1 ok?hx1; 2; 3ihxc1 ; 0; 3i ! A2

11:A2 –propagate(A2,x1,1,( , ,1, ),0,hx1; 2; 3i )–! A1

12:A2 –propagate(A2,x2,1,(0,4,4,6),0,hx1; 2; 3i )–! A1

13:S solution(1) ! everybody
14:A2 nogood(fail) ! everybody

Secondscenario:

1: A1 ok?hx1; 0; 1ihxc1 ; 0; 1i ! A2

2: A2 –propagate(A2,x2,0,(0,1,1,3),1,; )– ! A1

3: A2 –propagate(A2,x1,0,(1,1,0,0),1,; )– ! A1

4: A2 –propagate(A2,x2,1,(1,4,3,2),2,hx1; 0; 1i )–! A1

5: A2 –propagate(A2,x1,1,( ,0, , ),2,hx1; 0; 1i )–! A1

6: S solution(2) ! everybody
7: A2 nogood(hx1; 0; 1i ) ! A1

8: A1 ok?hx1; 1; 2ihxc1 ; 0; 2i ! A2

9: A2 nogood(hx1; 1; 2i ) ! A1

10:A1 ok?hx1; 2; 3ihxc1 ; 0; 3i ! A2

11:A2 –propagate(A2,x2,1,(0,4,4,6),1,hx1; 2; 3i )–! A1

12:A2 –propagate(A2,x1,1,( , ,0, ),1,hx1; 2; 3i )–! A1

13:S solution(1) ! everybody
14:A2 nogood(fail) ! everybody

Figure2: For differentordersof variablesin W-AC*, two tracesof DisWMAC4 whentheconstraintin the�rst
exampleis the only onein the problemwith two agents,A 1 andA2, wherethe solutionis detectedby some
agentS.

7 Conclusions

Distributed optimizationis an expensive task.Most approachesusehill-climbing and ap-
proximatetechniques[7]. Several othersynchronousBranch& BoundandA* techniques
appearedlast decademainly in work reportedby Dr. Yokoo's team.Preliminaryteststhat
we performedon ABT/AAS basedB & B have shown thetechniqueto beprohibitively ex-
pensive on a simple real-world problem.While it is not yet known how the two existing
asynchronousoptimizationtechniquescompare(namelyasynchronousA* vs asynchronous
Branch& Bound),herewe have shown a powerful heuristicthat canbe usedwith both of
them.In asmuchasconsistency maintenancedominatesforwardchecking,thenew heuristic
promisesto dominatetheonesusedsofar.

Themainnew ideasproposedin thisarticlearethat:

1. Consistency achievementor maintenancein WeightedDisCSPscanbeperformedif ABT-
cL-BB is enrichedto amoregeneralconcept:TheWeightedConsistency Label(WCL).

2. An asynchronousequivalentof thebestavailablecentralizedtechnique,B & B with W-
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AC*, is obtainedby mixing theaforementionedconsistency maintenancewith Branch&
Bound.

3. ThefeedbackthatA* needsaboutlow boundson constraintsof successoragents,canbe
extractedusingcostattachedto labelsin WCLsanddetectedby thepreviouslymentioned
' local' consistency process.

In this paperwe outlined the stepsrequiredfor asynchronizingB & B with W-AC for
DistributedWeightedCSPs.
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[9] T. Petit,J.C.Régin,andBessi�ereC. Range-basedalgorithmfor max-csp. In Proceedingsof CP, pages
280–294,Ithaca,September2002.

[10] S.RussellandP. Norvig. Arti�cial Intelligence, A ModernApproach. PrenticeHall, 2ndedition,2002.

[11] M.-C. Silaghi, D. Sam-Haroud,and B.V. Faltings. Consistency maintenancefor ABT. In Proc. of
CP'2001, pages271–285,Paphos,Cyprus,2001.

[12] Marius-C�alin Silaghi. AsynchronouslySolvingDistributedProblemswith Privacy Requirements. PhD
Thesis2601,(EPFL),June27,2002.http://www.cs.�t.edu/˜msilaghi/teza.

[13] Marius-C�alin SilaghiandBoi Faltings. Opennessin asynchronousconstraintsatisfactionalgorithms. In
3rd DCR-02Workshop, pages156–166,Bologna,July2002.

[14] R. Wallace and M.C. Silaghi. Using privacy loss to guide decisionsin distributed CSP search. In
FLAIRS'04, 2004.

[15] R.J.WallaceandE.C.Freuder. Constraint-basedmulti-agentmeetingscheduling:Effectsof agenthetero-
geneityonperformanceandprivacy loss. In DCR, pages176–182,2002.

[16] WeixiongZhangandXing Zhao.Distributedbreakoutvs.distributedstochastic:A comparativeevaluation
onscanscheduling.In DistributedConstraint Reasoning, pages192–201,2002.

[17] M. Yokoo, E. H. Durfee,T. Ishida,andK. Kuwabara. The distributedconstraintsatisfactionproblem:
Formalizationandalgorithms.IEEETKDE, 10(5):673–685,1998.


