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Abstract.

Distributed weightedconstraintsatisaction problemsoccur for example,when
privacy requirementgxcludethe centralizatiorof the problemdescriptionNew de -
nitions of arcconsisteng (AC) andnodeconsisteng (NC*) for centralizedveighted
constraintsatishiction problems(WCSP)have beenrecentlyproposedand prove in-
creasedaimplicity andeffectivenesg4]. We shav how they canbe exploitedin asyn-
chronoussearch(a) WeightedConsisteng Labels(WCL) areintroducedo represent
costsinherentto eachvalue of a variablein an exploredsubproblem(b) A maximal
propagtion of the weightswith NC* canbe guaranteedby either(b") designatinga
singleagentfor performingthe summatiorof the costssynthesizedby differentagents
for thesamevalueandsubproblemor (b”) having all agentdearnandseparatelsum
up all suchcosts.(c) The obtainedweightscombinedwith asynchronou8ranch&
Bound (B & B) leadsto a distributed equivalentof powerful centralizedversionsof
B & B. (d) The heuristicfunction neededby asynchronoug\* canalsobe extracted
from suchcostscomputedconcurrentlywith thesearch.

1 Intr oduction

An agents private requirementsan often be formulatedin a generalframavork suchas
constrainsatishctionproblemgi.e. whereeverythingis modeledby eithervariablesyalues,
or constraintsiandthencanbe solvedwith ary of the applicableCSPtechniquesBut often
onehasto also nd agreementsvith the otheragentdor a solutionfrom the setof possible
valuationsof sharedesourceshatsatisfyhersubproblemThe generaframevork modeling
this kind of distributedcombinatorialproblemss calledDistributedConstraintSatishction.

In practiceoneoftenmeetsoptimizationproblemsThetechniquesievelopedfor satishc-
tion problemshave provento bevery usefulwhenadaptedo t optimizationproblems(e.g.
arcconsisteng maintenancéed to PFC-MRDAC [5]). Two simplerandef cient techniques,
W-AC andW-AC*, wererecentlydevelopedfor enforcingarcconsisteng in WCSP4].

DistributedWeightedCSPs(DisWCSPs)s a generalformalismthatcanmodelnegotia-
tion problemsandcanquantify their privacy requirement$l5, 2, 14]. Hereit is shovn how
abasictechniqueor constrainsatishction,namelymaintenancef consisteng canbecom-
binedwith W-AC* andappliedto asynchronouBranch& BoundandA* for optimizationin
DisWCSPs.
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Figurel: Exampleof aconstrainin aWCSP

We rst introducethe distributed WeightedConstraintSatishiction Problemandthe no-
tion of arcconsisteng for weightedCSPsW-AC*. Theinitial de nition of W-AC* consid-
eredonly binary constraintsput its extensionto n-ary constraintss so straightforvard that
we presentit directly. Next, we introducethe basicasynchronoubacktrackingalgorithmfor
solving distributed CSPs, ABT. Threeincrementaimodi cationsto ABT areusedto intro-
ducethe proposedechnique A rst smallmodi cation to ABT is ABT-cL, andis intended
to allow us more e xibility for future modi cations. The secondmodi cation shavs how
Branch& Boundcanhelp ABT-cL to tackledistributedDisWCSPsIn theend,a setof alter
native waysof maintainingarc consisteng areanalyzecandcomparedheoretically

2 Distributed WeightedCSPs

CSP A constaint satisfactionproblem(CSP)is de ned by threesets:(X, D, C). X =

fXq;:Xng is asetof variablesandD = fDy;::;;Dygis asetof domainssuchthatx; can
take valuesonly from D;. C = f 4;:::; .gis asetof constraintssuchthat ; is a pred-
icate over an orderedsubsetX; of the variablesin X, X; X. An assignments a pair
hxi; vi meaningthatthe variablex; is assignedhevaluev. ; speci esthelegality of each
combinationof assignmentto the variablesn X; with valuesin theirdomains.

A tupleis anorderedset. The projectionof thesetof assignments) atuple overatuple
of variablesX; is denoted jx,. A solutionof aCSP(X, D, C) is atuple of assignments
with oneassignmentor eachvariablein X (i.e. 2D; :: D,) suchthatall theconstraints

i 2 C aresatisedby  jx,.

ConstraintSatishction Problems(CSPs)do not model optimizationrequirementsAn

extensionallowing for modelingoptimizationconcernss givenby WeightedCSPs.

De nition 1 (WCSP). AWeightedCSPis de nedby a triplet of sets(X ; D; C) anda bound

B. X andD arede nedasin CSPsIn contrastto CSPsC=f ;;::; .gisasetoffunctions,
i :Di, 1 Dy, ! IN® Whelerﬁi is thearity of p-
lts solutionis = argmin 7, (jx,),if =, i( jx,) < B.
2D1 i Dnp

Example 1. Anexampleof a binary constaintin WCSPss givenin Figure 1. It is knownthat
any maximizatiorproblemcan be straightforwadly translatednto a minimizationproblem.
WeightedCSPcanbealsodistributed.

A DistributedCSP(DisCSP)is de ned by four sets(A; X;D;C). A=fAy;::;; Aqpgisaset
of agentsX, D, C andthe solutionarede ned like in CSPsexceptthatjCj=jX j=jAj=n.
Assignmentdor eachvariablex; canbe proposednly by A;. Eachconstraint ; is de ned
only onx; andits predecessorgndis known only by A;.
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De nition 2 (DisWCSP). A DistributedWeightedCSPis de ned by four sets(A; X;D; C)
anda boundB. A; X: D are de ned asfor DisCSPsIn contrastto DisCSPsC is a setof

functions ; : Dj, Diki I IN! de nedon x; and on someof its predecessa;, and
knownonly by A;. P p
ltssolutionis = argmin 7, i(jx,),if ; i( jx,)<B.
2D1 i Dnp

Arc consistency We recall(seeary basicAl manuallike Russell&Norvigs [10]) thatlocal

arc/boundconsisteng is a propertyof a labeling of variablesfor a CSP A label for x; is

nothingelsethana setof valuescontainingthe possiblevaluationsof x;. In initial problem
descriptionssariablesmay alsohave in their domainsvaluesthatno not appeairn ary solu-

tion. While suchvaluesaddexponentialcompleity to systematisearchechniquessomeof

themcanbe detectedandeliminatedwith local obsenationson smallsubproblem$ounded
by a prede nedsize.Theseeliminationsrequirean effort thatis only polynomialin the size
of the global problem.Therefore recalculation/shrinkingf labelsbasedon local reasoning
is aprincipledtechniqueyery recommendedspeciallyin its formswherecostcompleity is

of alow polynomialdegree(achieementof node,arc,bound,singletonconsistencies).

W-AC* W-AC* is arecentnotion of consisteng in WCSPsbasedon aninherentcostof
the problem,C. , commonto ary solution.It alsoemplgys Cy, [v], aninherentcostof each
valuev for eachvariablex;. Cy, [v] is anadditionalcost(beside<C. ) appearingn ary solution
wherev is assignedo x;. It isde ned basednanupperboundB for thecostof anacceptable
solution.Theinitial de nition of W-AC* considereanly binaryconstraintsbut its extension
to n-aryconstraintss straightforvard andwe presentt directly.

De nition 3 (NC*). LetP = (X;D;C) bea WCSPwith B thelowestknownupperbound
for an acceptablesolution.h;; vi is nodeconsistentf C. + C,, [v] < B. Variable x; is node
consistentf: i) all its valuesare nodeconsistentandii) there existsa valuev 2 D; sud

that Cy, [v] = 0. Valuev is a supportfor variable's x; nodeconsistencyP is nodeconsistent
(NC*) if everyvariableis nodeconsistent.

De nition 4 (AC*). hx;;vi is arc consistentvith respecto constaint  if it is NC* node
consistentand there is a tuple of assignments for all variablesin Xy sud that jiy g =

fhxi;vig and () = O. Tuple is called a supportof v. Variable x; is arc consistentf
all its valuesare arc consistenwith respecto every constaint affectingx;. A WCSPis arc
consisten{AC) if everyvariableis arc consistent.

Initially Cy[v] andC. aresetto 0. For n-aryWCSPsW-AC* runsby iteratively increasing
differentCy[v] by projectionsfrom someconstraint |, or decreasing C[v] by projecting
it unto C., until a x pointis achieved. Namely the x point may dependon the order of
the operationsC,[v] is increasedy subtractingandtransferringto it min¢ jrcviz g «k( jx, ).
from all thevaluesf ( jx,)jhx;vi 2 g, enforcingAC arcconsisteng. Eachvaluev such
thatCi[v]+ C. is higherthanthe currentboundfor acceptablaolutionis removed,achie/zing
NC consisteng. A commonshareof min, C,[v] of eachweight accumulatedn Cy[v] is
transferredo C. , andthis lasttypeof operatiorobtainswhatis calledNC* nodeconsisteng.

3 Asynchronousalgorithms

Asynchronismncreasesobustnessn solvingdistributedproblemd1]:
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if asinglelink suffers of congestiona synchronouslgorithmrunsat the speedof that
slowestlink.

in similar conditions,asynchronousechniquesslon down only in momentswhen the
slow link is essential.

Synchronizationglso force agentsto communicateall the private informationduein that
round(usuallycalledepoch) evenif somedivulgationscanbe provenunnecessarly subse-
guentcommunications.

A solutionisto let thedistributedsolvingrunasyn&ironously Namelytheagentsieednot
synchronizebut ratherthey can e xibly exchangemessagesf severaltypes.Only a subset
of thesemessagearerequiredin orderto guaranteeorrectnesproperties put eventhose
messagesanbe sentwith aboundedielay.As explainedbefore thisimprovesrobustnesso
slow links andhandlingof privagy. [13, 1].

We proposean asynchronouslgorithm that exploits consisteng maintenanceoncur
rently with searchin a way that lets the most promisingbehaior to emege. It consistin
runningasynchronousacktracking(ABT), on top of which distributed'local' consisteng
achiezementis enforcedndependenthandconcurrentlyon severalsubproblemshatarede-
ned dynamically.

ABT ABT is atechniquecurrentlyknown for solvingDisCSPswhereeachagentA; asyn-
chronouslyandconcurrentlywith the otheragentgerformsBacktrackings actionsto assign
X; with avaluefrom D; [17, 16]. The assignmenis announced/ia ok? messageto lower
priority agentsnpamelyagentsA;, j >i . In makingherassignmenf\; mustsatisfy ; given
theotherassignmentsheknows for X; from higherpriority agentsWhenthis taskis impos-
sible,A; announcethelowestpriority agentA, amongthosewhoseassignmentexplainthe
con ict, by sendingherthe explanation.A con ict explanationis callednogoodandconsist
of the setof inconsistentissignmentsThis explanationis integratedin . A; alsoremoves
thatassignmenof x, which shouldallow herto now make herassignmentr nd asecond
con ict (recursvely calling backtrack).

A furtherimprovementconsistsof allowing agentsto sendnew assignmentsindlabels
for avariablex; only to thoseagentsA; thathave constraintsnvolving x;. We saythatA; is
interestedn x;. Whena new agentrecevesa con ict explanationcreatinga constrainton a
new variablexy, it announceshisto Ay via anadd-link message.

Algorithms 1 and 2 containthe pseudocodeperforming the functionalitiesdescribed
above. check agentview is whereagentstry to make their assignmentand backtrack is
wherethey treatcon icts asdescribedabove. EachagentA; maintainsa setoutgoing-links
namingthe otheragentshaving constraintson the variableit owns, x;. It alsomaintainsan
agent-viav, namelythe setof latestproposalsecevedfrom eachagentandthatarestill valid
(i.e. they arenot yet expectedto have beenchanged) Agentsexchangeok?, add-link, and
nogoodmessagewith instantiationproposalsinterestsrespectrely nogoods:

ok? messagearesentfrom A; to lower priority agentproposingavaluey; for x; (times-
tampedwith ¢, ).

add-link messagearesentfrom anagentA; to ahigherpriority agentA; to show interest

in currentandfuture proposaldor x; . It is normally dueto the acquisitionof constraints
onx; by A;.
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whenreceved (0k?,hx;;v;; ;¢ i) do

if(old c,; ) then return;

*if(j cLj)thencLl; i*/only in ABT-cL;
1.1 addg; ,v; ,cy, ) to agentview;,
eliminateinvalidatednogoods;
*maintain_consistencyj)*//only in DisSWMAC,;

check agentview; //only satis esconsisteng nogoodf levelst, t<cL;, in ABT-cL;
enddo.

procedure check agentview do
when agentview and currentvalueare not consistent/cf. nogoodsof levelst, t< cL;
if novaluein D; is consistentvith agentview then
backtrack;
else
selectd 2 D; whereagentview andd areconsistent;
currentvalue  v; C} ++;
send(ok?,hx;; v; Cj, i) to lower priority agentsn outgoinglinks;
end
enddo.

Algorithm 1: Proceduresf A; for receving ok? messages ABT, ABT-cL, andDisWMAC.

nogood messagesre sentfrom an agentA; to a higherpriority agentA; to announce
animpossiblepartial valuationof even higherpriority proposalsiueto the valueof x; it
knows.

4 Preliminary adjustments

First modi cation: ABT-cL In ABT, whenanogoods sentto A;, X; is expectedo change
andis thereforeremovedfrom agent.view. In typical versionswith polynomialspaceaequire-
ments forgettingassignmentkeadsto forgettingthe nogoodsn which they areinvolved.

We do not wantto forget datastructuregnamelyconsisteng labels)that may be stored
by otheragents.This canleadto persisteninconsisteng in the views of the agentsanda
distributedW-AC* algorithmmay not corvergeto a consistentx point.

For integrationwith the proposedalgorithm,athresholdcL; is introducedfor eachagent
A; (initially having valuei). An agentchecksthe consisteng of anassignmenbnly versus
assignmentsecevedfrom agentsA; , j <cL ;. Whenanogoodis sentto A, cL; is reducedo
k. Theagentcantry again to make herassignmentcL; is resetto i whenanok? messagés
recevedfrom Ay, k cL;. Thisversionis calledABT-cL.

Lemma 1. After eadh sendingof a nogoodmessge (which reduceghe cL;), either A; will
eventuallyreceivean assignmentor a variablex;, j cL; (whichresetscL; toi), or failureis
detected.

Proof The agentA.., will eitherchangeits assignmentor the con ict speci edin the
nogoodis invalidatedby someprevious changeof assignmentor recursvely A, sendsa
nogoodfor whichit expectsa newv assignment.

The recursioneither goesuntil an empty nogoodis detected(e.g. at latestby the rst
agent),andfailureis detectedpr change®f assignmentarefoundto invalidateall the con-
icts speci edin thegeneratedshogoodgto avariablex;;j <cL; from thenogood).g.e.d.
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whenreceved (nogoodA;,: N) do
if ((hxi;v;ci2 N~ (AjknowsM! (x;6V)))”" : (better: Nthan: M)) _ invalid(: N)))
then
if (currentversionstoresall nogoods)then
when hxy; v tki, wher X, is notconnectedis containedn : N
sendadd-link to Ay;
addhxy; vi; tki to agentview;,
store: N;

end
else

when hx,; vi; tki, whee X is notconnectedis containedn : N
sendadd-link to Ay;
addhx,; vi; txi to agentview;

put: N in nogood-listfor x;=v;
addall new assignments : N to agentview;

2.1 reconsidestoredandinvalidatednogoods;
end

*maintain_consistencysmallesimodi ed level)*//only DisWMAC,;

check agentview;,
enddo.

procedure backtrack do
nogoodsf VjV=inconsistensubsebf agentview cL;g;
when an emptysetis an elemenbf nogoods
broadcasto otheragentghatthereis no solution;terminatethis algorithm;

for every V 2 nogoodsio
selecttx; ;v ; ty, i wherex; hasthelowestpriority in V;
2.2 send(nogoodA; V) to A;;
*cL; j 1//only ABT-cL;*;
enddo
check agentview;,
end do.
Algorithm 2: Procedure®f A; for receving nogood messages ABT, ABT-cL, andDis-
WMAC.

Theorem 1. ABT-cL is correct,completeandterminates.

Proof Correctnesqi.e. at quiescencehe stateis a solution) FromLemmal it results

thatat quiescencéwithout detectingfailure) all cL; areequalwith i. Also, at quiescencall
agentknow thelastassignmentsf their predecessorigsasedn timestampsThereforeeach
agentA; is consistentwith all assignmentso previous variableshaving ; satis ed. This
meanghatthe setof all assignmentsatis esall constraints.
Completenes§.e. failure cannotbe detectedf there is a solution) All usednogoodsare
generatedbasedon logical inference No failure canthereforebeinferredif a solutionexists.
Termination Recursvely for i growing from 1 to n, onceagentsA;;j <i no longerchange
theirassignmentsh; eitherexhaustdts domaingeneratinga valid nogoodieadingto failure
in nite time, or oneof its proposalswill never berefusedwith anogood.q.e.d.

Thetechniqueproposedn ABT-cL is someavhatsimilarto amechanisnwe usedin [11],
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whenreceved (solution,B) do
add (x) tothesetof local constraints:

1 if X, B
— P knownx¢, “MGCi
(X) 0 if known X¢; XCi <B
enddo.
procedurg solution-detected(solution)do
B Ci;

(Xc; :Ciki)2solution
broadcast(solution,B)
enddo.
Algorithm 3: Procedureof A; for receving solution messagesn ABT-cL-BB. All other
proceduresreinheritedfrom ABT-cL. The proceduresolution-detecteds run by whoever
detectsandbuilds the solution.If eachagentbuilds the solutionseparatelyhenthe message
needsot be broadcasbut justdeliveredlocally.

but heretheresetingof cL; to i onthereceiptof anok? messagéadto be madeexplicit.

Secondmodi cation: Branch and Bound Soft (weighted)constraintsalone cannotbe
usedto prunethesearctspaceTheextensionof ABT-cL to DisWCSPss basedn exploiting

the hard constraints(bounds)de ned by alreadyfound solutions.Let us introducea new

variablex. , X, 0 for eachagentA;. Thesevariablesmodelthe costof the currentproposal,
l.e.thevalueof ;. Sinceall agentsareinterestedn thevariablesx.,, all theagentsarein the
outgoing-linksof eachagentA; for thevariablex, . A; proposes, = k whenhis proposafor

X; hascostof local constraints.

Example 2. E.g considerA, having , givenin Figure 1, and havingin her agentview
X1 = 0. X, is assignek=4 whenthe proposalof A, isx, = 2.

If her agentview is empty A, picks a costof her choice amongthosepossiblefor her
proposal.E.g whenproposingx, = 2 withoutknowingxi, A, couldpick x, = 2 (which is
otherwisetrue onlyif x; = 3).

In Branch& Bound(B & B) theideais to discardsearchpathsfor whichit is proventhat
ary enclosedolutionis moreexpensve thansomealreadyfoundsolution.ﬁny solutionwith
valueB de nesthereforea nogood(i.e. dynamicallyinferredconstraint), ; X¢<B , thatis
broadcasto all agentslt is known thatx. 0, thereforeeachagentcanenforcethe wealer
constraint: X

X <B

known X¢;

No othermodi cation is requiredandanew B & B algorithmis obtained Thelastfound
solutionis optimal. This algorithmis calledABT-cL-BB.

Remark 1. With ABT-cL-BB,thevalueof a solutionis givenby thesumofthevaluesassigned
in it to thex,, variables.

Eachtime thata solutionis detecteda solution messagés broadcasto participantshav-
igg asparametethevalueB of theobtainedsolution.Algorithm 3 shogs how the constraint
i X <B is addedo eachagentlnitially B = 1 andagentsnforce ;x;<1 .
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Proposition 2. ABTcL-BBis correct,completeterminatesand nds the optimalsolution.

Proof. Theproofis immediatdromthe correctnes®f ABT-cL andby construction(intro-
ductionof B & B behaviorwhich is knownto be correct).

It was alreadymentionedthat Branch& Bound canbe addedto several asynchronous
techniqueqd12]. Thereis no speci c differencein the way in which it was addedhereto
ABT-cL.

5 Asynchronousmaintenanceof W-AC*

We proposeo maintainarcconsisteng concurrentlyfor eachsubproblen®y, k2f 0::ng, gen-
eratedby addingto DisWCSPthe last proposedassignmentsf agentsA;;i k. Intuitively,
thisis doneby having eachagentA;;j >k asynchronouslgandconcurrentlycomputeconsis-
tentlabelsfor herview of the problemP,. Her view of a DisWCSPconsistof ; andof the
labelsit knows. Thelabelsmodi ed by thiscomputatioraresentby A; to all agentsA;;i K.

5.1 Factoringoutweights

In the previoussectionit canbenoticedthatin ABT-cL-BB, costcon icts wereonly detected
from partial valuations.A betterideahasbeenintroducedfor centralizedtechniquesn [5,
6, 9], wherepropagtion of labelsalso estimatecosts.The mostpromisingamongthemis
W-AC*. We proposdo exchangaVN-AC* labels,Cx andC. , obtainedby A; togethemith the
assignmentsxplainingthem,underthe form of a WeightedConsisteng Labelwhich hasa
stand-alondogic semantic.

De nition 5 (WeightedConsistencyLabel). Aweightedconsistencyabel (WCL)for a level
(i.e. seach depth)k anda variablex hastheformhA;; x; k; C,[k]; C![K]; Vi.

V is a setof assignmentsAny assignmenin V musthavebeenproposedby Ay or its
predecessa: A; is the agentcomputingthe WCL.C! is a setof inherentadditional costsof
ead valueof x givenV andwhenthe costinherentto the problemof A; is C;i [k].

An assignments valid if no assignmenwith a newer timestamps known for the same
variable.

De nition 6 (valid weighted nogood). A WCL s valid only aslong as all the assignments
involvedin it are valid.

5.2 Consideationsin choosingData Structuesfor DisWMAC

The family of algorithmsproposedhere,DisWMAC, builds on ABT-cL-BB by addingthe
useof WCLs for propagting costs.

Thefollowing approacheareknown for maintainingdatastructuresvith nogood-based
consisteng (consideringhatlabelsaretreatedasranges):

DMACQO: Storingonly the last valid consisteng nogood(CN) per variable (relatedto
whatwasdonein [3] for eachvalue).

DMACL1: Storingonly thelastvalid CN pervariablepersearchdepth(asin MHDC [12]).
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DMAC2: Storingonly thelastvalid CN pervariablepersearchdepthperagentgenerating
CNs(asin theversionof DMAC proposedn [11]).

DMAC3: Storingonly thelastvalid CN pervariablepersearchdepthperagentgenerating
CNsandperagentwhoseconstraintarenotinvolvedin the CN (asin [12] for robustness
in treatingopenness).

All of the previous four alternatves translateto DisWMAC, storing WCLSs insteadof
CNs.

We recall that maintenancef W-AC* is doneby modifying constraintsThereforethe
agentsalsoneedto storea distinctcopy of her constraintfor eachconsisteng level, tagged
with theview basednwhichit wasmodi ed. Theresultingtechniquesrethereforecalled:
DisSWMACO, DisWMAC1, DisWMAC2, DisWMACS3.

In the previous versionseachagentreinforcesseparatelythe consisteng of the labels.
With W-AC*, the problemcommoncostC. cannotbe reliablecomputedocally if anagent
doesnotknow all thelabelsof all variablesThisrequireghatevery WCL is sentto all agents
in thatlevel.

A wayto alleviatethisrequirementis by decidingagentsesponsibléor thefractionof C.
comingout of eachvariable.Namely A; will beresponsibldor computinganddistributing
theincrementof C. thatis obtainedfrom C,,. In the obtainedschemeDisWMAC4, each
agentA; needdo storefor eachlevel k, andagentA; :

the last WCL receved from A; for the variablex; at level k, including the IastC;j K]
recevedfrom eachA;,

andaWCL for eachx; fromagentA;.

The adwantageof DisSWMACA4 is thatA; will not needto announceaverybodyeachchange
in eachsetC! [k]. Sheonly needgo announcehange®f C!. [k] to A;. Changeso C' [K] still
haveto beannouncedo all agentsA;;j k. A |sthesmgleagentthatcanknoN all thevalues
thatcanbe safelyremovedfrom the domainof x; andon eachmodi cation of thelabelof x;
atlevel k it hasto senda WCL to eachotheragentA;;j k.

5.3 TheDisWMAC4 Algorithm

The DisWMACA4 algorithmillustrateswell the tradeofs in maintainingW-AC*. As shavn

before,W-AC*, maintainsaninherentcostof the problem,C., thatwill bein any solution.
It also maintainsan incrementalinherentcost of eachvaluev for eachvariablex, Cy[v].

Cx«[v] occursin ary solutionwherex is assignedo v. In DiSWMACA4, A; is responsibldor

computinganddistributing theincremenif C. thatcanbeobtainedrom Cy,. Thestructures
usedin Algorithm 4 are:

B is thecostof bestsolutionannouncesofar.

ci,(j;1) is the lasttimestampreceied by A; from A; for a WCL for x, atlevel k. In
DisWMACA4v is eitherj ori.

i[k], isthevectorof weightedconstraint®f A; ateachlevel k togethewith anexplaining
view.
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whenreceied(propagateA; x,,k,C? [k],C' [k],ck, (i), V) do
31 whenhavehighertagcs (j;i) ¢, (j) then return;
¢, (D) cLG);
whenary hx; v; c in V isinvalid (old ¢) thenreturn;
whentx,; vy; ¢ i, with a notconnectec, isin V
sendadd-link to Ay;
addhx; vy; ¢ui to agentview;,

3.2 addothernew assignments V to agentview;,
eliminateinvalidatednogoodsandstructures;
if (i=v) storeC? [k] asK} [K], elseasC}_[KI;
alsostoreC! [K], bothtaggedby V;
maintain_consisténCYmin level thatis modi ed);

checkagentview; //uptolevelt, t cL;;
enddo.

procedure maintain_consistencyminT)do
if (minT > cL;) thenreturn;
33  for(t minT t i; t++) do
new-cns local-WAC*(t);
when (domainwipe out explainedby nogood$
if nding anemptynogoodthen
broadcastfailure;
end
for every V 2 nogoodsio
selecttx; ; vj; ¢, I wherex; hasthelowestpriority in V;

3.4 send(nogoodA; V) to A;;
cLi min(j,cL));
enddo
break;

for every (K, [t].V,[t]) 2 new-cnsdo
whenC}, [t] is modi ed

G, (1)++;
35 send(propagateA; x,,tK\ [t],CI[t], ¢, , Vi[t]) to Ay;
enddo '
when C| [t] is modi ed
3.6 send(propagateA; x;,t,Cy, [t],C![t].c;, ./ [t]) to all otheragentsA;;j t inter
estedn X;;
when C![t] is modi ed
3.7 send(propagateA; xi,t.C}, [t].C![t].c,,,V/'[t]) to all otheragentsA;;j t;
end
end do.

Algorithm 4: Processingeceved WCLs.

K)‘q [K] is the inherentcostvectorfor eachvalueof variablex; asinferredfrom the con-
straintsof A; atlevel k. It is computedoy A; andsentonly to A; togetherwith an ex-
plaining view.
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procedure local-W-AC* (t) do _
updateC;, [t] andC![t]; C. ; Cl;
until corvergence,
4.1 for every variablex, achieze NC for x, in [t];

for every activevalueu of x, do
if valueu in x,, hasno supporton a variablethancreatesupportfor x, = u, transfer
ring [t] tupleweightsuntoK | [t][u];
K, [t][u] propagatesto C; [t][u];

42 enforceNC* of x; by reducingC; [t][u] untoC';
4.3 reinforceNC on x,, consideringveightincrements
of K, [KI;
enddo
returnsetof modi ed pairs(K | [K],V![K]);
enddo.

Algorithm 5: Local W-AC* computation.

CJ [K] is theinherentcostdueto the variablex; atlevel k. It is computedanddistributed
by A; togethemwith anexplainingview.

Cj(j [K] is the currentlyaccumulatedostof all agentdor assigningx; to ary of its values
in the currentsearchbranchat level k. It is summedup anddistributedby A; together
with anexplainingview.

C. [K], is theglobalcostusedduringlocal W-AC* computationst level k.

EachagentA; locally enforcesW-AC* at eachlevel k, whereC. is given by the sum
betweenall receved CJ [k] anda C! [K] that canbe extractedfrom summlnglearnedvectors
Kl .[K] for eachj . For this eachagentcomputesthe sumof all K} .[K] that shelearnsand
decomposeﬂ; into a C![k] anda C}, [k] by enforcingNC*.

C' [k] andC!. K] mustbe recomputed)n eachrelevantchange EachagentA; computes
its C' [k] by applylng NC* only on x;. All other variablesare madeconsistentwith NC.
Also, eachagentA; sendswith WCLs for x;, C .[k] while for othervariablesx; it sends
K)‘(j [K]. The improvementsuggestedt line 4.3 allows to avoid needof communicatiorfor
propagtinglocally pruningsof aforeignvariabledetectedy anagent WCNsareexchanged
via a new type of messagespropagate and a pseudocodef the describedtechniqueis
proposedn Algorithm 4.

Remark 2. Whenthe valuetransfeed by AC fromthe weightsof a constaint ;[k] to C! [v]
is1 , thenall theweightsof ;[k] for x=v canbesetto O (this changesnothingasthey are
anyhowremwedby NC).

Lemma 2. Distributed W-AC* for a subpoblemde ned by a given setof assignmenty/
cornvergesin nite time

Proof DistributedW-AC* only sendsa propagatemessagé:

An in nite weightof ; is reducedo 0, to increasean elementof a vectorC! (seeRe-
mark2).

A non-in nite weightof ; is reducedo increaseanelementof avectorC .
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If weightsof C} aretransferedo C!.

Sincethe sumof non-in nite weightsof each ; is nite, the total numberof suchop-
erationsthatis possibleis nite, thereforethe distributed W-AC* terminatedn nite time.
g.e.d.

Theorem 3. DisWMACA4 is correct,completeandterminates.

Proof Correctnesqat quiescencavithout detectingfailure the valuationis a solution)
As in Theoreml, from Lemmal it resultsthatif no failure is detectedheneachagentis
consistentvith predecessorgndall constraintsaresatis ed atquiescence.
Completenesgo failure canbe detectedf a solutionexists) All valueremovalsandneeds
of assignmenthangesn eachsubproblemare basedon logical inference.Therefore,if a
solutionexistsno failure canbeinferred.
Termination Similarly to Theoreml, recursvely it canbe shovn thatin nite time after
agentsA; ;] <i nolongerchangeheirassignments); will stopreceving propagtemessages
asthe distributed W-AC* is known to corverge. Theneither A; generates valid nogood
leadingto detectionof failure, or oneof its proposalswill never be rejectedwith nogoods.
Theremoval of additionalvaluesfrom domainscanonly speedup termination.g.e.d.

Example 3. Two possiblerunsof DisWMAC4 for a DisWCSRwith twoagentsA ; andA, and
a singleconstaint (betweerx,; andx,) enfoicedby A, is shownin Figure 2. Theconstaint
of A, istheonein Figure 1. Thetracesdiffer by the orderin which local-W-AC* enfoicesAC
on its variables.Here we do not detail the way in which an agentS candetectthe solution,
asseveral sud techniquesare well known.The r stfoundsolutionhascost2, and after this
boundis addedas a constaint by everybody the next found solutionhascost1. Whenthe
boundl is added A, canimmediatelydetectthatthere is no bettersolutionthanthis.

6 Discussion

DisSWMAC3 TheDisWMAC3algorithmneedsslightly morestructuresaseachagentmust
storeall K![k] of eachotheragent.lt alsorequiresthat eachchangeof Kj(j [K] be sentto
all otheragentsA;;t k, while DisSWMAC4 doessoonly for changesn C'[k] (seelines3.7
and3.6).NeverthelessDisWMAC3is simpler nhothaving to communicatémy C![k], aseach
agentdetectshemlocally. Moreover, the communicatiordelaycanbe reduceéby half due
to thefactthatnointermediaryagentstaysin the middle of acommunication.

A* Recently anothertechniquecalled Adopt [8], shavs how A* valueorderingheuristic
canbe introducedin ABT. The Maintaining Consisteng techniqueproposedhereactsin

DisWMAC asa heuristicestimatorin eachnode.Whenthe algorithmworksin A* mode,
namelyabandoningegachnodewhenits heuristicvalueis higherthanthe value of another
alternatve, thenthetheoryof A* applies.n this case adominantheuristicexpandsa strictly

smallersearchspace.

De nition 7. In asyntironousA* seach, a heuristicfunctionh; is dominantover h, if at
anytime thevalueit estimatess higheror equalto h,, andstill admissiblgoptimistic).

Using a powerful techniquefor estimatingthe heuristicfunctionis dominantonly asfar
asit performsconstantlybetter In practiceit is seldomthat two searchtechniquesanbe
comparedn thisway. Experimentations thereforerequiredto verify which oneworksbetter
but oneexpectsthatatechniquehatin generais betterin searchjs alsobetterasa heuristic.
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Firstscenario:

1: A, _ ok?m«j;0; lihxe,;0;Li A,
2:A, ____propagatdA;,,x1,0,(2,2,1,1),0,)— 1 A
3:A, ____propagatdA,,x»,0,(0,1,1,2),0,)— L A1
4:A, _propagatdAr,x1,1,(,2,,),0hx;0; Li)L A
5:A,  _propagatdA;,x2,1,(0,2,3,2),0%y;0; 1) A
6:S . solution(2_____ 1 everybody
7:A> _ nogoodhxs;0;1i)__ 1 Al
8: A1 — ok?xy;12ihxe,;02i 1 A,
9: A, __ _nogoodmq;l;2i) 1 Al
10:A; ok ?hXi;2;3ihXe, ;0,3 1 Ao
11:A, _propagatdA,,x1,1,(,-,1,),0x1;2;3i)L A,
12:A, _propagatdA;x2,1,(0,4,4,6),0%4;2; 3i) A
13ss _ solution(l)___ 1 everybody
14:A, _ nogoodfail) |  everybody
Secondscenario:
1: A, _ ok?«q;0; lihxe, ;001 1 A,
2:A, ____propagatdA;,x»,0,(0,1,1,3),1)— 1 Aq
3:A, ____propagatdA;,,x1,0,(1,1,0,0),3,)— 1 A
4: A5 —_propagatéA;,x»,1,(1,4,3,2),2x4;0; 1i ) Al
5:A, _propagatdA,,x1,1,(,0,,),2hx1;0; 1i)L A1
6:S _ solution(2____ 1 everybody
7°A, __ nogoodhx;;0;Li)_ A
8:A; _ ok?j;1;2ihxe,; 002 A,
9: A, _ nogoodhxq;1;2i) 1 Al
10:A; — ok?X1;2;3ihXe, ;0,3 1 A,
11:A, _propagatdA;,x»,1,(0,4,4,6),1x1;2; 3i)L A
12:A, _propagatdA;,x1,1,(,.,0,),1x1;2;3i)L Aq
13's = solution(l)_ 1 everybody
14:A, _ nogoodfall) . 1 everybody

Figure?2: For differentordersof variablesn W-AC*, two tracesof DisSWMAC4 whenthe constraintn the rst
exampleis the only onein the problemwith two agentsA; andA,, wherethe solutionis detectechy some
agents.

7 Conclusions

Distributed optimizationis an expensve task. Most approachesise hill-climbing and ap-
proximatetechniqued7]. Several othersynchronousBranch& Boundand A* techniques
appearedast decademainly in work reportedby Dr. Yokoo's team.Preliminaryteststhat
we performedon ABT/AAS basedB & B have shavn thetechniqueto be prohibitively ex-
pensve on a simple real-world problem.While it is not yet knowvn how the two existing
asynchronousptimizationtechniqguesomparg(hamelyasynchronou&* vs asynchronous
Branch& Bound),herewe have shovn a powerful heuristicthat canbe usedwith both of
them.In asmuchasconsisteng maintenancelominategorward checkingthenew heuristic
promisego dominatethe onesusedsofar.
Themainnew ideasproposedn this article arethat:

1. Consisteng achiezementor maintenance WeightedDisCSPsanbeperformedf ABT-
cL-BB is enrichedo amoregenerakonceptThe WeightedConsisteng Label (WCL).

2. An asynchronougquvalentof the bestavailablecentralizedechniqueB & B with W-
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AC*, is obtainedby mixing the aforementionedonsisteng maintenancevith Branch&
Bound.

. ThefeedbackhatA* needsaboutlow boundson constraint®f successoagentscanbe

extractedusingcostattachedo labelsin WCLs anddetectedy thepreviously mentioned
'local' consisteng process.

In this paperwe outlinedthe stepsrequiredfor asyndironizingB & B with W-AC for

DistributedWeightedCSPs.
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