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Existing Distributed Constraint Satisfaction (DisCSP) frameworks can model
problems where a)variables and/or b)constraints are distributed among agerts.
Asynchronous Backtracking (ABT) is the rst asynchronous complete algorithm
for solving DisCSPs of type a. The order on variables is well-known as an im-
portant issue for constraint satisfaction. Previous polynomial space asynchronous
algorithms require for completeness a static order on their variables. We show
how agents can asynchronously and concurrently prop osereordering in ABT while
maintaining the completeness of the algorithm with polynomial space complexity.

1 Intro duction

Distributed combinatorial problems can be modeled using the generalframe-
work of Distributed Constraint Satisfaction (DisCSP). A DisCSP is de ned
in 1 as: a set of agents, A1;:::; A, where ead agert A; cortrols exactly one
distinct variable x; and ead agert knows all constraint predicatesrelevant to
its variable. The casewith more variablesin an agert can be obtained quite
easily from here. Asynchronous Backtracking (ABT) ! is the st complete
and asynchionous seard algorithm for DisCSPs. A simple modi cation was
mertioned in  to allow for a versionwith polynomial spacecomplexity.

The completenessof ABT is ensuredwith the help of a static order im-
posedon agerts. So far, no asyndronous seard algorithm has o®eredthe
possibility to perform reordering without losing either the completeness,or
the polynomial spaceproperty. In this paper we describe a technique that al-
lows the agerts to asyndronously and concurrertly proposechangesto their
order. We then prove that, using a special type of markers, the completeness
of the seard is ensuredwith polynomial spacecomplexity.

This is the rst asyndironous seard algorithm that allows for asyn-
chronous dynamic reordering while being complete and having a polynomial
spacecomplexity. Here we have built on ABT sinceit is an algorithm easier
to describe than its subsequen extensions. The technique can nevertheless
be integrated in a straightforward manner in most extensionsof ABT. 2
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2 Related Work

The “rst complete asyndronous seart algorithm for DisCSPsis the Asyn-
chronous Backtracking (ABT) . For simplicity, but without sewre loss of
generality, the approac in ! considersthat eac agert maintains only one
variable. More complex de nitions were given later.3# Other de nitions of
DisCSPs 87 have consideredthe casewhere the interest on constraints is
distributed amongagerts. ® proposesversionsthat t the structure of a real
problem (the nursetransportation problem). The Asynchronous Aggregation
Seard (AAS) 7 algorithm actually extends ABT to the casewhere the same
variable can be instantiated by seweral agerts and an agert may not know
all constraint predicates relevant to its variables. AAS o®ersthe possibil-
ity to aggregateseweral branches of the seardq. An aggregation technique
for DisCSPswas then preseried in & and allows for simple understanding of
the privacy/etciency medanisms. The strong impact of the ordering of the
variables on distributed seart was so far addressedin %610,

3 Async hronous Backtrac king (ABT)

In asyndronous badktracking, the agens run concurrertly and asyn-
chronously. Each agert instantiates its variable and communicates the vari-
able value to the relevant agerts. Sinceherewe don't assumeFIF O channels,
in our versiona local counter, C, is incremerted ead time a new instan-
tiation is proposed,and its current value tags eadh generatedassignmen.

De nition 1 (Assignmen t) An assignmen for a variable x; is a tuple
hxi;v;ci wher v is a value from the domain of x; and c is the tag value.

Among two assignmetns for the samevariable, the one with the higher
tag (attached value of the counter) is the newest. A static order is imposed
on agerts and we assumethat A; hasthe i-th position in this order. If i>j
then A; hasa lower priority than A; and A; has a higher priority then A;.
Rule 1 (Constrain t-Ev aluating-Agen t) Each constraint C is evaluatel
by the lowest priority agentwhosevariable is involved in C.

Each agen holds a list of outgoing links represerted by a set of agerts.
Links are assaiated with constraints. ABT assumeghat ewvery link is directed
from the value sendingagert to the constraint-evaluating-agert.

De nition 2 (Agen t_View) The agert _view of an agent, A;, is a set con-
taining the newest assignmentsreceived by A; for distinct variables.

Basedon their constraints, the agerts perform inferencesconcerningthe
assignmerts in their agentview. By inferencethe agerts generate new con-
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straints called nogaods.

De nition 3 (Nogo od) A nogood has the form : N where N is a set of
assignmentsfor distinct variables.

The following types of messagesre exchangedin ABT: ok?, nogood,
and add-link . An ok? messagetransports an assignmem and is sert to a
constraint-evaluating-agert to askwhether a chosenvalue is acceptable. Each
nogo od messageransports a nogaod. It is sert from the agert that infers a
nogood : N, to the constraint-evaluating-agert for : N. An add-link message
announcesA; that the senderA; owns constraints involving x;. A; inserts A;
in its outgoing links and answers with an ok?.

The agerts start by instantiating their variables concurertly and send
ok? messagedo announcetheir assignmen to all agerts with lower priority
in their outgoing links. The agens answer to received messagesccording to
the Algorithm 1 (except for pseudo-cale delimited by '*"). 4

De nition 4 (Valid assignment) An assignmenthx; vy;cii known by an
agentA, is valid for A, aslong as no assignmenthx; v,; Cyi; C;>C1, iS received.

A nogood is invalid if it cortains invalid assignmets. The next property
is mertioned in * and it is alsoimplied by the Theorem 1, presened later.

Prop erty 1 If only onenogaod is stored for a valuethen ABT haspolynomial
space complexity in eachagent, O(dn), while maintaining its completenessand
termination properties. d is the domain size and n is the number of agents.

4 Histories

Now we intro duce a marking techniquethat allows for the de nition of a total
order among the proposalsmade concurertly and asyndironously by a set of
ordered agerts on a sharedresource(e.g. an order).

De nition 5 A prop osal source for a resource R is an entity (e.g. an
abstract agent) that can make speci ¢ proposals concerning the allocation (or
valuation) of R.

We considerthat an order A is de'ned on proposal sources The proposal
sourceswith lower position accordingto A have a higher priorit y. The proposal
source for R with position k is noted P}, k , x&. xR is the rst position.
De nition 6 A con’ict resource is aresouice for which seveal agentscan
make proposalsin a concurent and asynchionous manner.

Each proposal source PR maintains a courter CR for the con®ict resource
R. The markersinvolvedin our marking techniquefor ordered proposal sources
are called histories .
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Figure 1. Simple scenarios with messagesfor prop osals on a resource, X.

De nition 7 A history is a chain h of pairs, ja:bj, that can be assaiated to
a proposalfor R. A pair p=ja:bj in h signalsthat a proposal for R was made
by PR whenits CR had the value b, and it knewthe prex of p in h.

An order/ (read \precedes") is de ned on pairs such that jii:l1j/ jiz:loj
if either i1>i 2, orii=io andlq < I5.
De nition 8 A history h; is newer than a history h, if a lexicographic
comparison on them, using the order / on pairs, decidesthat h, precedesh;.

PR builds a history for a new proposal on R by pre’xing to the pair
jk:value(CR)j, the newest history that it knows for a proposal on R made
by any PR, a<k. The CR in PR is reset eath time an incoming message
announcesa proposal with a newer history, made by higher priorit y proposal
sourceson R. CR is incremerted ead time PR makesa proposalfor R.

Denition 9 A history h; built by PR for a proposalis valid for an agent
A if no other history h, (eventualy known only as pre x of a hlstory h9) is
known by A suchthat h, is newer than h; and was geneated by P Jj o

For example, in Figure 1 the agert Py may get messagesoncerningthe
sameresourcex from P and PX. In Figure 1a, if the agert P has already
received my, it will always discard ms since the proposal source index has
priorit y. Howewer, in the caseof Figure 1b the messagem; is the newest only
if kis < ky and is valid only if ks - ky;. In ead messagethe length of the
history for a resourceis upper bounded by the number of proposal sources for
the con®ict resource.

5 Reordering

Now we show how the histories described in the previous section o®erduring
the seard a mean for allowing agers to asyndironously and concurrertly
propose new orders on themsehes. In the next subsectionwe describe a
didactic, simpli'ed versionthat needsadditional specialized agens.
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5.1 Reordering with dedicated agents

Besidesthe agerts Aj;::;; A, in the DiSCSP we want to solve, we consider
that there exist nj 1 other agers, R?;::;;R"i 2, that are solely dewoted for
reordering the agerts A;.

De nition 10 An ordering is a sequene of distinct agentsAy,;:::;; Ak, -

An agert A; may receiwe the position j;j 6 i. Let us assumethat the
agert A, knowing an ordering o, believes that the agert A;, owning the
variable x;, hasthe position j. A; canrefer A; aseither Al, Al (o) or Al. The
variable x; is alsoreferredto by A, as either x/, xJ (o) or x! .

We proposeto considerthe ordering on agens asa con®ict resouice. We
attach to ead ordering a history as de ned in the previous section. The
proposal sources for the ordering on agerts are the ageris R', whereR'AR! if
i<j and x9"9€T=0. R is the proposal source that when knowing an ordering,
0, can proposeorderings that reorder only agers on positionsp, p> i.

Denition 11 (Kno wn order) An ordering known by R' (respectively Al)
is the order o with the newest history among those proposel by the agents
RK:0- k<i and received by R' (respectively A'). A' has the position i in o.
This order is referred to as the known order of R’ (respectively Al).

De nition 12 (Prop osed order) An ordering, o, proposedby R' is such
that the agentsplaced on the rst i positions in the known order of R' must
have the same positions in 0. o is referred to as the proposedorder of R'.

Let usconsidertwo di®erert orderings,0; and 0,, with their corresponding

histories: Oy = hoy; hyi, O = hoy; hoi; sud that jhyj - jhoj. Let pk = jak:bj
and p§ = jak:bj be the pairs on the position k in h; respectively in hs.
De nition 13 (Reorder position) Let u be the lowest position such that
p{ and py are di®erent and let v = jh;j. The reorder position of hy and h;
is either min (ay;ay) + 1if u> v, or a3** + 1 otherwise. This is the position
of the highestpriority reordered agentbetween h; and h;.

New optional messagegor reordering are: heuristic messagedor heuris-
tic dependert data, and reorder messagesinnouncinga new ordering, ho; hi.

An agert R' announcesits proposedorder o by sendingreorder messages
to all agerts AX(0), k>i, and to all ageris R¥, k>i. Each agert A' and eah
agert R' hasto store a set of orderings denoted C®4. C°9 cortains the
ordering with the newest history that was received from eac R!, j<i (if that
history is valid).2 By the history of C° ¢ we refer the newest history in C° 9,
For allowing asyndronousreordering, ead ok? and nogo od messageeceives

aTypically C° 9 is completely described by the ordering with the newest received history.
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as additional parameter an order and its history (seeAlgorithm 1). The ok?
messagehold the newest known order of the sender. The nogo od messages
hold the order in the C° 9 at the senderAl that Al believesto be the newest
known order of the receiver, A'. This ordering consistsof the rst i agerts in
the newest ordering known by Al and is tagged with a history obtained from
the history of its C°'9 by removing all the pairs ja:bj wherea, i.°

When a messages received which cortains an order with a history h that
is newer that the history h® of C°9, let the reordering position of h and h®
be|". The assignmerts for the variablesx¥, k , 1", are invalidated.®

The agerts R' modify the ordering in a random manner or according to
special strategiesappropriate for a given problem.? Sometimesit is possibleto
assumethat the agerts want to colaborate in order to decidean ordering.© The
heuristic messagesre intended to o®erdata for reordering proposals. The
parametersdepend on the usedreordering heuristic. The heuristic messages
can be sert by any agert to the agerts RX. heuristic messagesnay only
be sert by an agert to R within a boundedtime, ty, after having received
a new assignmen for x/;j - k. Agents can only send heuristic messagego
RO within time ty, after the start of the seart. Any reorder messagés sert
within a boundedtime t, after a heuristic messagés received (or start).

BesidesCOrder and Cor 9, the other structures that haveto be maintained
by R¥, aswell asthe cortent of heuristic messageslepend on the reordering
heuristic. The spacecomplexity for AX remainsthe sameaswith ABT.

5.2 ABT with Asynchronous Reordering (ABTR)

In fact, we have intro duced the physical agerts R' in the previous subsection
only in order to simplify the description of the algorithm. Any of the agerts
A; or other entity can be delegatedto act for any Ri. When proposing a
new order, R' can also simultaneously delegatethe identity of R'*1;::;; R"i 2
to other ertities’ , Py, by attaching a sequenceR°! Py, ;R 21 Py, to the
ordering. At a certain momert, due to messagedelays, there can be seweral
ertities believing that they are delegatedto act for R' basedon the ordering
they know. Howewver, any other agert can coherenly discriminate among

bThe agents absert from the ordering in a nogood are typically not needed by Af. Al
receivesthem when it receivesthe corresponding reorder message.

CAlternativ e rule: Al can keep valid the assignmerts of new variables x¥, i , k, 17 but
broadcasts x' again.

de.g. Tst the agents forming a coalition with R.

€This can aim to improvethe etciency of the search. Since ABT performs forward checking,
it may be possible to design useful heuristics.

fin 11 we explain how R' can redelegate itself.
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when receiv ed (ok?,(x;,dj * ¢, ;ho;hi*)) do
*if (: getOrder (ho;hi) or old ¢, ) return*; //ABTR;
add(x; ,d; *,c, *) to agentview; check _agent view ;
end do.
when receiv ed (nogo od,A; ,nogood*, ho;hi*) do
*if (: getOrder (ho;hi)) return*; //ABTR,;
*discard nogaod if it contains invalid assignmers else*; //ABTR;
when (Xg,dk,Ck), where Xi is not connected,is contained in nogaod
sendadd-link to Ay; add (xk,dk,ck) to agentview;
add nogaod to nogaod-list; add other new assignmetts to agentview;
old_value A current.valug check _agent _view ;
when old.value = current value
send (ok?,(x; ,current_valuecy; ),known_order(A;)) to A;;
end do.
pro cedure check_agent _view do
when agen view and current_value are not consistent
if novaluein D; is consistent with agert view then
backtrac k;
else
selectd 2 D; where agentview and d are consisten;
current.value A d; ¢, ++; O A known_order(A;);
send (ok?,(x;,d,cy, ),O) to lower priority agerts in outgoing links;

end
end do.

pro cedure backtrac k do
nogaods A fV jV = inconsistert subsetof agentviewg;
when an empty setis an elemen of nogaods;
broadcastthat there is no solution, and terminate this algorithm;
for every V 2 nogoods;
select(x;,d; *,cy, *) wherex; hasthe lowest priority in V;
send(nogood x;,V,0;) to Aj; remove (x; ,d; *,¢; *) from agentview,
check _agent _view ;
end do.
function getOrder (ho;hi) ! bool //ABTR
when h is invalidated by the history of C°'9 then return false;
when not newer h than C° 9 then add ho;hi to C°9; return true;
| A reorder position for h and the history of C°¢;

invalidate assignmetts for x;j , | (alternative?); add ho;hi to C°¢;
end.

Algorithm 1: Procedures for Receiving Messagesn ABT and ABTR.

B
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Ai=Al=R! ok?hxy; 1 li(A1; A Az) 1 Az

A»=A2=R0=R2 __ ok?hx2;2;1li(A1;A2;A3)___ 1 Az

Az=A3=R3 {nogo od: (hx1;1; 1ihx2; 2 1i)(A1; A2)f Az

@ @ A;=R1=Al ___ reorder (A1;A3;A2)jl1:1j__ 1 Az
A Ay A>=RO0=A8=R2 __ reorder (A3;A1;A2)j0:1__1 Az
# # A1=R1=A1 __ reorder (A1;A3A2)j1:1j__ 1 Ay
@ A,=RO0=A3=R2 reorder (Asz;A1;A2)j0: 1 1 A

A3 Az=A1l=R! _ok?hx3;1;2i(A3;A1;A2)0: 1 A
Az=A1=R! __ ok?hx3;1;2i(A3;A1;A2)0: 11 A

Figure 2. Simplied example for ABTR with random reordering. R' delegations are done
implicitely by adopting the convention \A' is delegated to act for R'". Left column:
A;=Al =Ri1=Ri2::: shows the roles played by A; when the messageis sert. In bold is shown
the capacity in which the agent A; sendsthe message. The addlink messagein not shown.

messagedrom simultaneous R's using the histories that R's generate. The
R' themseles cohererily agreewhen the corresponding orders are received.
The delegationof R';i > 0 from a physical ertit y to another posesno problem
of information transfer sincethe courter COTJ€T of Ri is reseton this evert.

For simplicity, in the examplein Figure 2 we describe the casewhere the
activity of R' is always performed by the agert believing itself to be A'. R!
cansenda reorder messagewithin time t, after an assignmer is madeby Al
sincea heuristic messagés implicitely transmitted from A’ to R'. We also
considerthat A, is delegatedto act as R°. R? and R* proposeone random
ordering ead, asyndronously. The receivers discriminate basedon histories
that the order from RY is the newest. The known assignmerts and nogood
are discarded. In the end, the known order for Az is (As;A1;A2)j0: 1j.

By quiescence of a group of agerts we mean that none of them will re-
ceive or generateany valid nogoods, new valid assignmetts, reorder messages
or addlink messages.

Prop erty 2 In "nite time t' either a solution or failure is detected, or all the
agentsAl ;0<j- i reach quiesence in a state where they are not refusel an
assignmentsatisfying the constraints that they enforce and their agen _view.

Pro of. Let all agerts A¥;k<i, reach quiescencebeforetime t'i 1. Let ¢ be
the maximum time neededto deliver a message.

ot, < t'i 1 after which no ok? is sert from A¥, k<i. Therefore, no heuristic
messagetowards any RY, u<i, is sert after tj, = t, + ¢ + ty. Then, ead R"
becomesxed, receivesno messageand announcesits last order beforea time
th =t + ¢+ t,. After t! + ¢ the identity of A’ is xed asA,. Al receivesthe
last new assignmen or order at time t} < t! + ¢.

Sincethe domains are nite, after t\, Al can proposeonly a nite number of
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di®erert assignmers satisfying its view. Once any assignmetn is sert at time
tL > ti, it will be abandonedwhen the st valid nogood is received (if one
is received in nite time). All the nogoods received after ti, + n¢ are valid
sinceall the agerts learn the last instantiations of the agerts A¥;k < i before
t. + n¢ i ¢. Therefore the number of possibleincoming invalid nogoods for
an assignmen of A’ is Tnite.

1.If one of the proposalsis not refused by incoming nogoods, and since
the number of such nogoods is "nite, the induction step is correct.

2.If all proposalsthat A’ can make after t, are refusedor if it cannot nd
any proposal, Al hasto senda valid explicit nogood : N to somelody. : N is
valid sinceall the assignmets of A¥;k < i werereceived at A’ beforet!.

2.a) If N is empty, failure is detected and the induction step is proved.

2.b) Otherwise : N is sert to a predecessorAl ;j<i. Since: N is valid,
the proposalof Al is refused,but due to the premiseof the inferencestep, Al
either

2.b.i) "'nds an assignmen and sendsok? messagesor

2.b.ii)) announces failure by computing an empty nogood (induction
proven).
In the case (i), since: N was generated by A', Al is interested in all its
variables (has sert oncean add-link to Al), and it will be announcedby Al
of the modi cation by an ok? messages.This contradicts the assumption
that the last ok? messagewas received by A’ at time t| and the induction
step is proved.
From here, the induction stepis provensinceit wasprovenfor all alternativ es.
In conclusion, after ti, within nite time, the agert A’ either "nds a solution
and quiescenceor an empty nogood signalsfailure.
RO is always xed (or after t, in the versionin 1) and the property is true
for the empty set. The property is therefore proven by induction on i o

Theorem 1 ABTR is correct, complete and terminates.

Pro of. Completeness: All the nogoods are generatedby logical inference
from existing constraints. Therefore, if a solution exists, no empty nogood
can be generated.

No innite loop: This is a consequencef the Property 2 for i = n.

Correctness: All assignmetts are sert to all interestedagents and stored
there. At quiescenceall the agerts know the valid interesting assignmems of
all predecessorslf quiescencds reached without detecting an empty nogood,
then accordingto the Property 2, all the agerts agreewith their predecessors
and the set of their assignmers is a solution. o
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6 Conclusions

Reordering is a major issuein constraint satisfaction. All previous complete
polynomial spaceasyndironousseard algorithms for DisCSPsrequire a static
order of the variables. We have preseried an algorithm that allows for asyn-
chronousreorderingin ABT. This isthe rst asyncronouscompletealgorithm
with polynomial spacerequiremerts that has the ability to concurrertly and
asyndronously reorder variables during seard. Here we describe a random
reordering heuristic that can be useful for special purposes(coalitions, special
strategies). However, this algorithm o®ersa °exible medanism (general pur-
pose heuristic messages}hat allows for implementing most other heuristics
that can be believed useful for general or speci ¢ applications. Alternativ e
implementations, alternativesto using histories, how to save e®ort acrossre-
ordering and excient heuristics are described in 12.
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