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Abstract. One of the most powerful techniques for solving centralized constraint
satisfaction problems (CSPs) consists of maintaining local consistency during
backtrack search (e.g. [11]). Yet, no work has been reported on such a combi-
nation in asynchronous settings1. The difficulty in this case is that, in the usual
algorithms, the instantiation and consistency enforcement steps must alternate
sequentially. When brought to a distributed setting, a similar approach forces the
search algorithm to be synchronous in order to benefit from consistency main-
tenance. Asynchronism [24, 14] is highly desirable since it increases flexibility
and parallelism, and makes the solving process robust against timing variations.
One of the most well-known asynchronous search algorithms is Asynchronous
Backtracking (ABT). This paper shows how an algorithm for maintaining con-
sistency during distributed asynchronous search can be designed upon ABT. The
proposed algorithm is complete and has polynomial-space complexity. Since the
consistency propagation is optional, this algorithms generalizes forward check-
ing as well as chronological backtracking. An additional advance over existing
centralized algorithms is that it can exploit available backtracking-nogoods for
increasing the strength of the maintained consistency. The experimental evalua-
tion shows that it can bring substantial gains in computational power compared
with existing asynchronous algorithms.

1 Introduction

Distributedconstraintsatisfactionproblems(DisCSPs)arisewhenconstraintsand/or
variablescomefrom a setof independentbut communicatingagents.Successfulcen-
tralizedalgorithmsfor solvingCSPscombinesearchwith localconsistency. Most local
consistency algorithmsprunefrom thedomainsof variablesthevaluesthatarelocally
inconsistentwith theconstraints,hencereducingthesearchspace.Whena DisCSPis
solved by distributedsearch,it is desirablethat this searchexploits asynchronismas
muchaspossible.Asynchronismgivesthe agentsmorefreedomin the way they can
contributeto search,allowing themto enforceindividualpolicies(onprivacy, computa-
tion, etc.).It alsoincreasesbothparallelismandrobustness.In particular, robustnessis
improvedby thefactthatthesearchcanstill detectunsatis�ability evenin thepresence
of crashedagents.Existingwork on asynchronousalgorithmsfor distributedCSPshas
focusedononeof thefollowing typesof asynchronism:

1 A preliminary version of this paper has been presented at the CP2000 Workshop on Distributed
CSPs[15]



a) deciding instantiations of variables by distinct agents.The agentscan pro-
pose different instantiationsasynchronously(e.g. AsynchronousBacktracking
(ABT) [24]).

b) enforcing consistency. Thedistributedprocessof achieving “local” consistency on
theglobalproblemis asynchronous(e.g.DistributedArc Consistency [25]).

Combiningthesetwo techniquesis however not aseasyasin thesynchronoussetting.
A straightforwardmappingof theexisting combinationschemecannotpreserve asyn-
chronismof type a [21,4]. The contribution of this work is to considerconsistency
maintenanceasa hierarchicalnogood-basedinference.This makesit possibleto con-
currentlyi) performasynchronoussearchandii) enforcethehierarchiesof consistency,
resultingin anasynchronous consistency maintenancealgorithm.Sincetheconsistency
propagationis optional,thisalgorithmsgeneralizesforwardcheckingaswell aschrono-
logical backtracking.More generalthanexisting centralizedalgorithms,our approach
canuseany availablebacktrackingnogoodsto increasethestrengthof themaintained
consistency. As expectedfrom thesequentialcase,theexperimentsshow thatsubstan-
tial gainsin computationalpower can result from combiningdistributed searchand
distributedlocal consistency.

2 Related Work

The �rst completeasynchronoussearchalgorithmfor DisCSPsis the Asynchronous
Backtracking(ABT) [23]. Theapproachin [23] considersthatagentsmaintaindistinct
variables.Nogoodremoval wasdiscussedin [8,14]. Otherde�nitions of DisCSPshave
consideredthecasewherethe intereston constraintsis distributedamongagents[25,
20,14,7,5]. [20] proposesalgorithmsthat �t thestructureof a realproblem(thenurse
transportationproblem).TheAsynchronousAggregationSearch(AAS) [14] family of
protocolsactuallyextendsABT to the casewherethe samevariablecanbe instanti-
atedby several agents(e.g.at different levels of abstraction[12,16]). An agentmay
alsonotknow all constraintpredicatesrelevantto its variables.AAS offersthepossibil-
ity to aggregateseveralbranchesof thesearch.An aggregationtechniquefor DisCSPs
wasthenpresentedin [10] andallows for simpleunderstandingof privacy/ef�ciency
mechanisms,alsodiscussedin [6]. Theuseof abstractions,[16], not only improveson
ef�ciency but especiallyon privacy sincetheagentsneedto reveallesstheir details.A
generalpolynomialspacereorderingprotocolis describedin [13] andseveralheuristics
(e.g. weak commitment-like) are discussedin [18]. [3] explainshow add-link mes-
sagescan be avoided.A techniqueenablingparallelizationand parallel proposalsin
asynchronoussearchis describedin [19]. Severalalgorithmsfor achieving distributed
arcconsistency arepresentedin [9,25,2].

3 Preliminaries

In this paperwe targetproblemswith �nite domains(we targetproblemswith numeric
domainsin [12,16]). For simplicity, but herewithout lossof generality, we consider
that eachagentA i canproposeinstantiationsto exactly onedistinct variable,x i and
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Fig. 1. Distributed search trees in ABT: simultaneous views of distributed search seen by A2,
A3, and A4, respectively. Each arc corresponds to a proposal from Ai to Aj . Circles show the
believed state of an agent. Dashed circle and line show known state that may have been changed.

knowsall theconstraintsthatinvolvex i . Thereforeeachagent,A i , knowsa local CSP,
CSP(Ai), with variablesvars(Ai). We presenttheway in which our techniquecanbe
built on ABT, a simpleinstanceof AAS for certaintimingsandagentstrategies,but it
canbe easilyadaptedto morecomplex frameworksandextensionsof AAS. ABT al-
lowsagentsto asynchronouslyproposeinstantiationsof variables.In orderto guarantee
completenessandtermination,ABT usesastaticorder≺ onagents.In thesequelof the
paper, we assumethat theagentA i haspositioni; i ≥ 1, whentheagentsareordered
accordingto≺. If i>j thenA i hasa lower priority thanA j andA j hasahigher priority
thenA i .2 A i is thena successorof A j , andA j apredecessorof A i .

Asynchronous distributed consistency: Most centralizedlocal-consistency algorithms
prunefrom the domainof variablesthe valuesthat are locally inconsistentwith the
constraints.Their distributed counterparts(e.g. [25]) work by exchangingmessages
on valueelimination.Therestricteddomainsresultingfrom sucha pruningarecalled
labels. In this paperwe will only considerthe local consistenciesalgorithmswhich
work on labelsfor individual variables(e.g.arc-,bound-consistency). Let P bea Dis-
tributedCSPwith the agentsA i ; i∈{1::n}. We denoteby C(P ) the CSPde�ned by
∪i∈{1::n }CSP(A i ).3 Let A be a centralizedlocal consistency algorithm as just men-
tioned.We denoteby DC(A) a distributed consistency algorithm that computes,by
exchangingvalueeliminations,thesamelabelsfor P asA for C(P ). WhenDC(A) is
run on P, we saythatP becomesDC(A) consistent.Genericinstancesof DC(A) are
denotedby DC. Typically with DC [25], themaximumnumberof generatedmessages
is a2vd andthemaximumnumberof sequentialmessagesis vd (v:numberof variables,
d:domainsize,a:numberof agents).

4 Asynchronous consistency maintenance

In thesequential/synchronoussetting,theview of thesearchtreeexpandedby aconsis-
tency maintenancealgorithmis unique.Eachnodeatdepthk, correspondsto assigning
to thevariablexk avaluevi from its label.Initially thelabelof eachvariableis setto its
full domain.After eachassignmentxk =vi , a local consistency algorithmis launched
whichcomputesfor thefuturevariablesthelabelsresultingfrom this assignment.

2 They can impose first eventual preferences they have on their values.
3 The union of two CSPs, P1 and P2, is a CSP containing all the constraints and variables of P1

and P2.



In distributedsearch(e.g.ABT), eachagenthasits own perceptionof thedistributed
searchtree.Its perceptionon this treeis determinedby theproposalsreceivedfrom its
predecessors.In Figure1 is shown asimultaneousview of threeagents.Only A2 knows
the fourth proposalof A1. A3 hasnot yet receivedthe third proposalof A2 consistent
with the third proposalof A1. However, A4 knows that proposalof A2. In Figure1
we supposethatA4 hasnot receivedanything valid from A3 (e.g.aftersendingsome
nogoodto A3 whichwasnotyetreceived).Thetermlevel in Figure1 refersto thedepth
in the(distributed)searchtreeviewedby anagent.

Let P bea DistributedCSPwith theagentsA i ; i∈{1::n}, A bea centralizedlocal
consistency algorithmandDC(A) oneof its distributedcounterparts.Supposethatthe
instantiationorderof thevariablesin C(P ) is determinedby theorderof theagentsin
P. In orderto guaranteethatwith DC(A) onemaintainsfor thevariablesof agentsA i

of P thesamelabels,L, thanwith A in C(P ), onecansimply imposethat:

1. Ai must have received the proposalsof all its predecessorsbefore launching
DC(A),

2. Ai cannotmakeany proposalwith valuesoutsideL, computedby DC(A).

This approach[21,4] is synchronous.Alternatively, we proposeto handleconsistency
maintenanceasa hierarchicaltask.We show that A i canthenbene�t from the value
eliminationsresulting from the proposalsof subsets of its predecessors,as soonas
available.More precisely, if A i hasreceived proposalsfrom someof its k �rst pre-
decessors,we saythatit canbene�t from valueelimination(nogoods)of level k. Such
nogoodsaredeterminedby instantiationsof x t , t≤k (known proposals),DC process
at level k or inheritedfrom DCsat previous levelsalongthesamebranch.A DC pro-
cessof level k is a processwhichonly takesinto accounttheknown proposalsof thek
�rst agents.Theresultinglabelsaresaidto beof level k. Whenthenogoodsde�ning
labelsareclassi�ed accordingto their correspondinglevels,andwhenthey arecoher-
entlymanagedby agentsasshown here,theinstantiationdecisionsandDCsof levelsk
canthenbeperformedasynchronouslyfor differentk with polynomialspacecomplex-
ity andwithout loosingthe inferencepower of DC(A). Moreover, backtrack-nogoods
involving only proposalsfrom agentsA i;i ≤k canbe usedby DC at level k. Sincethe
useof mostnogoodsis optional,many distinctalgorithmsresultfrom theemployment
of differentstrategiesby agents.

5 The DMAC-ABT protocol

This sectionpresentsDMAC-ABT (DistributedMaintainingAsynchronouslyConsis-
tency for ABT), acompleteprotocolfor maintainingasynchronouslyconsistency. Since
it buildsonABT, we startby recallingthenecessarybackgroundandde�nitions.

5.1 ABT

In asynchronousbacktracking,the agentsrun concurrentlyandasynchronously. Each
agent instantiatesits variable and communicatesthe variable value to the relevant



agents.As describedfor AAS [14], sincewe do not assume(generalized)FIFO chan-
nels,in thepolynomial-spacerequirementsdescriptiongivenherea local counter, C i

x i
,

in eachagentA i is incrementedeachtime a new instantiationis chosen.The current
valueof C i

x i
tags eachassignmentmadeby A i for x i .

Definition 1 (Assignment). An assignmentfor a variable x i is a tuple 〈x i ; v; c〉 where
v is a value from the domain of x i and c is the tagvalue (value of C i

x i
).

Amongtwo assignmentsfor thesamevariable,theonewith thehighertag (attached
valueof thecounter)is thenewest.

Rule 1 (Constraint-Evaluating-Agent) Each constraint C is evaluated by the lowest
priority agent whose variable is involved in C. This agent is denoted CEA(C).

Thesetof constraintsenforcedby A i aredenotedECSP(Ai) andthesetof variables
thatareinvolvedin ECSP(A i ) is denotedevars(Ai), wherex i ∈evars(A i ). Eachagent
holdsa list of outgoing links representedby a setof agents.Links areassociatedwith
constraints.ABT assumesthateverylink is directedfrom thevaluesendingagentto the
constraint-evaluating-agent.

Definition 2 (Agent View). The agentview of an agent, A i , is a set, view(A i ), con-
taining the newestassignments received by A i for distinct variables.

Basedon their constraints,agentsperforminferencesconcerningthe assignments
in their agent view. By inferencetheagentsgeneratenew constraintscallednogoods.

Definition 3 (Explicit Nogood). An explicit nogoodhas the form ¬N where N is a set
of assignments for distinct variables.

Thefollowing typesof messagesareexchangedin ABT:

– ok? messagetransportinganassignmentis sentto a constraint-evaluating-agentto
askwhetherachosenvalueis acceptable.

– nogood messagetransportinganexplicit nogood. It is sentfrom theagentthatinfers
anexplicit nogood ¬N , to theconstraint-evaluating-agentfor ¬N .

– add-link messageannouncingA i thatthesenderA j ownsconstraintsinvolving x i .
A i insertsA j in its outgoing links andanswerswith anok?.

Theagentsstartby instantiatingtheirvariablesconcurrentlyandsendok? messages
to announcetheir assignmentto all agentswith lower priority in their outgoing links.
Theagentsanswerto receivedmessagesaccordingto theAlgorithm 1 (givenin [13]).

Definition 4 (Valid assignment). An assignment 〈x; v1; c1〉 known by an agent A l is
valid for A l as long as no assignment 〈x; v2; c2〉, c2>c 1, is received.

A nogood is valid if it containsonly valid assignments.The next propertyis a
consequenceof thefactthatABT is aninstanceof AAS.

Property 1 If only one valid nogood is stored for a value then ABT has polynomial
space complexity in each agent, O(dv), while maintaining its completeness and termi-
nation properties. d is the domain size and v is the number of variables.



when received (ok?,〈xj, dj , cxj
〉) do

if(old cxj
) return;

add(xj ,dj ,cxj
) to agent view;

eliminate invalidated nogoods;
check agent view;

when received (nogood,Aj ,¬N ) do
when any 〈x, d, c〉 in N is invalid (old c) then

send (ok?,〈xi, current value, Ci
xi
〉) to Aj ;

return;
when 〈xk, dk, ck〉, where xk is not connected, is contained in ¬N

send add-link to Ak;
add 〈xk, dk, ck〉 to agent view;

when 〈xi, d, c〉∈N , then put ¬N in nogood-list for xi=d;
add other new assignments to agent view;

1.1 eliminate invalidated nogoods;
old value← current value;
check agent view;
when old value = current value

1.2 send (ok?,〈xi, current value, Ci
xi
〉) to Aj ;

procedure check agent view do
when agent view and current value are not consistent

if no value in Di is consistent with agent view then
backtrack;

else
select d ∈ Di where agent view and d are consistent;
current value← d; Ci

xi
++;

send (ok?,〈xi, d, Ci
xi
〉) to lower priority agents in outgoing links;

procedure backtrack do
nogoods← {V | V = inconsistent subset of agent view};
when an empty set is an element of nogoods

broadcast to other agents that there is no solution, terminate this algorithm;
for every V ∈ nogoods;

select (xj ,dj ,c) where xj has the lowest priority in V ;
send (nogood,Ai,V ) to Aj ;
eliminate invalidated explicit nogoods;
remove (xj ,dj ,c) from agent view;

check agent view;

Algorithm 1: Procedures of Ai for receiving messages in ABT with nogood removal.



when received(propagate,Aj ,k,ck
xv

(j),V→(xv 6∈l)) do
2.1 when have higher tag ck

xv
(j, i)≥ck

xv
(j) then return;

ck
xv

(j, i)← ck
xv

(j); when any 〈x, d, c〉 in V is invalid (old c) then return;
when 〈xu, du, cu〉, where xu is not connected, is contained in V

send add-link to Au; add 〈xu, du, cu〉 to agent view;
2.2 add other new assignments in V to agent view; eliminate invalidated nogoods;

cnk
xv

(i, j)← {V→(xv 6∈l)}; maintain consistency(minimal level that is modified);
check agent view; //only satisfies consistency nogoods of levels t, t<cLi;

procedure maintain consistency(minT) do
if (minT > cLi) then return; //cLi is the current inconsistent level (initially i+1);

2.3 for (t←minT; t≤i; t++)
2.4 new-cn← consistency nogood for xi after local consistency on Pi(t);

when (domain wipe out by computing the explicit nogoods N )
for every V ∈ N ;

select 〈xj , dj , cxj
〉 where xj has the lowest priority in V ;

send (nogood,Ai,V ) to Aj ; eliminate invalidated explicit nogoods;
remove 〈xj , dj , cxj

〉 from agent view;
2.5 cLi ←t; break;

when new-cn shrinks label of xi (obtained from ∪k≤tcn
k
xi

(i, i))
2.6 cnt

xi
(i, i)← new-cn; Ct

xi
++;

send (propagate,Ai,k,Ct
xi

,new-cn) to agents Aj , j≥t, xi ∈ evars(Aj);

Algorithm 2: Procedure of Ai for receiving propagate messages in DMAC-ABT.

5.2 DMAC-ABT

Partsof the contentof a messagemay becomeinvalid due to newer available infor-
mation.We requirethatmessagesarriveat destinationin �nite time afterthey aresent.
Thereceivercandiscardtheinvalid incominginformation,or canreuseinvalid nogoods
with alternativesemantics(e.g.asredundantconstraints).

In additionto themessagesof ABT, theagentsin DMAC-ABT mayexchangein-
formationaboutnogoodsinferredby DCs.This is doneusingpropagate messagesas
shown in Algorithm 2.Beforemakingtheir �rst proposalasin ABT, cooperatingagents
canstartwith a call to maintain consistency(0).

Definition 5 (Consistency nogood). A consistency nogood for a level k and a variable
x has the form V→(x∈l k

x ) or V→¬(x∈s\l k
x ). V is a set of assignments. Any assign-

ment in V must have been proposed by Ak or its predecessors. l k
x is a label, l k

x 6=∅. s is
the initial domain of x.4

Thepropagate messagesfor a level k aresentto all agentsA i ; i≥k; x i ∈evars(Ai).
They take as parametersthe referencek of a level and a consistency nogood.Each
consistency nogoodfor avariablex i anda level k is tagged with thevalueof acounter
Ck

x i
maintainedby thesender. TheagentsA i usethemostrecentproposalsof theagents

A j ; j ≤k when they computeDC consistentlabelsof level k. A i may receive valid
consistency nogoodsof level k with assignmentsfor the setof variablesV , V not in

4 Or a previously known label of x (for AAS).



evars(A i ). A i mustthensendadd-link messagesto all agentsAk ′ ; k′≤k not yet linked
to A i and owning variablesin V . In order to achieve consistenciesasynchronously,
besidesthestructuresof ABT, implementationscanmaintainat any agentA i , for any
level k, k≤i :

– Theset,V i
k , of thenewestvalid assignmentsproposedby agentsA j ; j ≤k, for each

interestingvariable.
– For eachvariablex, x∈vars(A i ), for eachagentA j ; j ≥k, the lastconsistency no-

good(with highesttag)sentby A j for level k, denotedcnk
x (i; j ). cnk

x (i; j ) is stored
only aslong asit is valid. It hastheform V k

j;x →(x∈sk
j;x ).

NVi(V
i

k
) is the constraintof coherenceof A i with the view V i

k . Let cnk
x (i; :) be

(∪t≤k
t;j V t

j;x )→(x∈∩t≤k
t;j st

j;x ). Pi (k) := CSP(A i ) ∪ (∪x cnk
x (i; :)) ∪ NVi (V i

k ) ∪ CLi

k
.

Ck
x i

is incrementedoneachmodi�cation of cnk
x i

(i; i ) (line 2.6).
On eachmodi�cation of Pi (k), cnk

x i
(i; i ) is recomputedby inference(e.g.using

local consistency techniquesat line 2.4) for theproblemPi (k). cnk
x i

(i; i ) is initialized
asanemptyconstraintset.CL i

k
is thesetof all nogoodsknown by A i andhaving the

form V→C whereV⊆V i
k andC is a constraintovervariablesin vars(A i ). cnk

x i
(i; i ) is

storedandsentto otheragentsby propagate messagesiff its label shrinksandeither
CSP(A i ) or CL i

k
wasusedfor its logical inferencefrom Pi (k). This is alsothemoment

whenCk
x i

is incremented.Theprocedurefor receiving propagate messagesis givenin
Algorithm 2.

Wenow provethecorrectness,completenessandterminationpropertiesof DMAC-
ABT. Weonly useDC techniquesthatterminate(e.g.[25,2]). By quiescenceof agroup
of agentswe meanthatnoneof themwill receive or generateany valid nogoods,new
valid assignments,propagate or add-link messages.

Property 2 In finite time t i either a solution or failure is detected, or all the agents
A j ; 0≤j ≤i reach quiescence in a state where they are not refused a proposal satisfying
ECSP(A j )∪NVj(view(A j )).

Proposition 1. DMAC-ABT is correct, complete and terminates.

Theproof is givenin Annexes.It remainsto show thepropertiesof thelabelscom-
putedby DMAC-ABT at eachlevel of thedistributedsearchtree.If theagents,using
DMAC-ABT, storeall thevalid consistency nogoodsthey receive,thenDCsin DMAC-
ABT convergeandcomputea local consistentglobalproblemat eachlevel (eachpair
initial constraint-variablelabelis checkedby someagent).If onthecontrary, theagents
donotstoreall thevalid consistency nogoodsthey receivebut discardsomeof themaf-
ter inferring thecorrespondingcnk

x (i; i ), thensomevalid boundsor valueeliminations
canbelostwhenacnk

x (i; i ) is invalidated.Differentlabelsarethenobtainedin different
agentsfor thesamevariable.Thesedifferenceshave asresultthat theDC at thegiven
level of DMAC-ABT canstopbeforetheglobalproblemis DC consistentat thatlevel.

Among the consistency nogoodsthat an agentcomputesitself at level k from its
constraints,cnk

x (i; i ), let it storeonly the last onefor eachvariableandonly as long
as it is valid. Let A i also storeonly the last (with highesttag) consistency nogood,



when received (ok?,〈xj, dj , cxj
〉) do

if(old cxj
) return;

3.1 add(xj ,dj ,cxj
) to agent view; eliminate invalidated nogoods;

maintain consistency(j);
check agent view; //only satisfies consistency nogoods of levels t, t<cLi;

procedure check agent view do
when agent view and current value are not consistent //cf. nogoods of levels t, t<cLi

if no value in Di is consistent with agent view then
backtrack;

else
select d ∈ Di where agent view and d are consistent;
current value← d; Ci

xi
++; maintain consistency(i);

send (ok?,〈xi, d, Ci
xi
〉) to lower priority agents in outgoing links;

Algorithm 3: Procedures of Ai for receiving ok? messages in DMAC-ABT.

cnk
x (i; j ), sentto it for eachvariablex∈vars(A i ) at eachlevel k from any agentA j .

cnk
x (i; j ) is also storedonly as long as it is valid. Eachagentstoresthe highesttag

ck
x (j ) for eachvariablex, level k andagentA j thatsendslabelsfor x. Then:

Proposition 2. DC(A) labels computed at quiescence at any level using propagate
messages are equivalent to A labels when computed in a centralized manner on a pro-
cessor. This is true whenever all the agents reveal consistency nogoods for all minimal
labels, l k

x , which they can compute and when CLi

k
are not used.

Proof. In eachsentpropagate message,theconsistency nogoodfor eachvariableis
thesameastheonemaintainedby thesender. By checkingck

x v
(j ) at line 2.1,thestored

consistency nogoodsarecoherentandareinvalidatedonly whennewerassignmentsare
received(eventthatis coherent)atlines1.1,2.2,3.1.Any assignmentinvalid in oneagent
will eventuallybecomeinvalid for any agent.Therefore,any suchnogoodis discarded
at any agent,if f it is alsodiscardedat its sender. The labelsknown at differentagents,
being computedfrom the sameconsistency nogoods,are thereforeidentical and the
distributed consistency will not stop at any level beforethe global problemis local
consistentin eachagent.

Sinceconsistency nogoodsarenot discardedwhennogoodsaresentto agentsgen-
eratingtheir assignments,asynchronismis ensuredby temporarilydisregardingthose
consistency nogoods.In Algorithm 3 we only satisfy consistency nogoodsat levels
lower than the currentinconsistentlevel, cLi (seeline 2.5 in Algorithm 2). Alterna-
tively, suchconsistency nogoodscould be discardedbut then,to ensurecoherenceof
labels,agentsreceiving any nogoodshouldalways broadcastassignmentswith new
tagsandmany nogoodswould beunnecessarilyinvalidated.

ABT maydealwith problemsthat requireprivacy of domains.For suchproblems,
agentsmayrefuseto reveallabelsfor somevariables,especiallysincetheinitial labels
at level 0 aregivenby the initial domains.Thestrengthof themaintainedconsistency
is thenfunction of how many suchprivatedomainsareinvolved in the problem.The



procedure maintain consistency(minT) do
if (minT > cLi) then return;

4.1 for (t←minT; t≤i; t++)
new-cns← consistency nogoods for all vars(Ai) after local consistency on Pi(t);
when (domain wipe out by computing explicit nogoods nogoods)

for every V ∈ nogoods;
select 〈xj , dj , cxj

〉 where xj has the lowest priority in V ;
4.2 send (nogood,Ai,V ) to Aj ; eliminate invalidated explicit nogoods;

cLi ←t; remove 〈xj, dj , cxj
〉 from agent view;

break;
forall new-cn← consistency nogood for any variable xu in new-cns

when new-cn shrinks label of xu (obtained from ∪w,k≤tcn
k
xu

(i, w))
cnt

xu
(i, i)← new-cn; ct

xu
(i)++;

send (propagate,Ai,t,ct
xu

,new-cn) to agents Aj , j≥t, xu∈vars(Aj);

Algorithm 4: Procedure of Ai for receiving propagate messages in DMAC-ABT1.

DisCSPspresentingonly privacy on constraints,and the correspondingversionsand
extensionsof ABT, suffer lessof this problem.

Proposition 3. The minimum space an agent needs with DMAC-ABT for ensuring
maintenance of the highest degree of consistency achievable with DC is O(v2(v + d)).
With bound consistency, the required space is O(v3).

Theproof is givenin Annexes.

5.3 Using available valid nogoods in Pi(k) for maintaining consistency
(DMAC-ABT1)

In Algorithm 2, anagentA i only sendsconsistency nogoodsfor thevariablex i . How-
ever, whenthe local consistency is computedfor Pi (k), new labelsarealsocomputed
for othervariablesknown by A i .

If in Pi (k) we only useconsistency nogoodsandinitial constraints,the�nal result
of theconsistency maintenanceis coherentin thesensethatat quiescenceat any given
level, eachagentendsknowing thesamelabelfor eachvariable.Namelythenew label
obtainedby A i for somevariablexu will becomputedandsentby Au after receiving
theotherlabelsin consistency nogoodsandinstantiationsthatA i knowsandarerelated
to xu .

We proposethatagentscanusein their Pi (k) valid explicit nogoodsthatthey have
received by nogood messagesor old and invalidatedconsistency nogoodsstoredas
redundantconstraints.In this last casethe labelsobtainedwith Algorithm 2 are no
longerminimalsinceanagentAu doesnot know all constraintsthatcanbeusedby A i

locally for computingits versionof thelabelof xu at level k.
In Algorithm 4 we presenta versionof DMAC-ABT that we call DMAC-ABT1.

In DMAC-ABT1,A i cansendconsistency nogoodsfor all variablesfoundin CSP(A i ).
The spacecomplexity for storingthe last tagsfor the consistency nogoodsat all lev-
els andcoming from all otheragentsis now O(v3) and for DMAC-ABT1 the space



x1(1,2) x2(2)

x3(1,2)

====

A1 A2

A3

1: A1 ok?〈x1, 1, 1〉 → A3

2: A2 –propagate(A2,0,1,x3 6∈ {2})–→ A1

3: A2 propagate(A2,0,1,x3 6∈ {2})→ A3

4: A2 ok?〈x2, 2, 1〉 → A3

5: A1 propagate(A1,0,1,x1 6∈ {1})→ A3

6: A1 ok?〈x1, 2, 2〉 → A3

7: A3 propagate(A3,0,1,x1 6∈ {1})→ A1

8: A3 nogood¬(〈x1, 1, 1〉→ A1

Fig. 2. Simplified example for DMAC-ABT1. Function of the exact timing of the network, some
of these messages are no longer generated. Only 2 messages are sequential (half round-trips).
ABT needs 4 sequential messages (half round-trips) for the same example (see [23]).

complexity is O(v3(v + d)). However, thepower of DCs is increasedsinceit canac-
commodateany availablenogood.Thenumberof sequentialmessagesis alsoreduced
sincethereis noneedto wait for Au to receive thelabelof x i beforereducingthelabel
of xu . RatherA i propagatesitself thelabelof xu .

Proposition 4. The minimum space an agent needs with DMAC-ABT1 for ensuring
maintenance of the highest degree of consistency achievable with DC is O(v3(v + d)).
With bound consistency, the required space is O(v4).

Theproof is givenin Annexes.We denoteby DMAC-ABT2 theversionof DMAC-
ABT whereany agentA i cancompute,sendandreceivelabelsfor variablesconstrained
by their storednogoodsandredundantconstraintsbut not foundin vars(Ai).

6 Example

In Figure2 we show a traceof DMAC-ABT1 for the exampledescribedin [23]. Be-
fore makingits proposal,A2 sendspropagate messagesto announcethe consistency
nogoodx3 6∈ {2} of level 0, taggedwith c0

x 3
(2) = 1. Thesepropagate messagesare

sentbothto A1 andA3. A1 sendsanok? messageproposinganew instantiation.
A3 (andA1 whenthedomainof x3 is public)computeboththeconsistency nogood

x1 6∈ {1} at level 0. A3 computesan explicit nogoodfrom consistency at level 1 and
sendsit to A1. This nogoodis invalid sinceA1 hasalreadychangedits instantiation
(anda small modi�cation of DMAC-ABT1, for simplicity not given here,canavoid
sendingit). Thensolutionandquiescencearereached.The longestsequenceof mes-
sagesvalid at their receivers(length2) consistsin messages2,6.Theworstcasetiming
(slow communicationchannelfrom A2 to A1 or privacy for the domainof x3) gives
the longestsequence3,7,6(5 would not be generated).The fact that ABT (aswell as
any synchronousalgorithm)would requireat least4 sequentialmessagesillustratesthe
parallelismofferedby asynchronousconsistency maintenance.

7 Experiments

We have presentedhereDMAC-ABT1, an algorithmthat allows to maintainconsis-
tency in ABT. ABT waschosensinceit is simplerto presentandexplain.Recentlywe



havepresentedanextensionof ABT thatallowsseveralagentsto proposemodi�cations
to thesamevariableandallowsagentsto aggregatevaluesin domains.Thatextensionis
calledAsynchronousAggregationSearch(AAS) [14]. In [14] is shown thattheaggre-
gationsbringto ABT improvementsof anorderof magnitudefor versionsthatmaintain
a polynomialnumberof nogoods.Hereit is thereforeappropriateto testthe improve-
mentsthat our techniquefor maintainingconsistency bringsto AAS. The versionof
DMAC-ABT1 for AAS is denotedDMAC.

We have run our testson a local network of SUN stationswhereagentsareplaced
on distinct computers.We usea techniquethat enablesagentsto processwith higher
priority propagate andok? messagesfor lower levels.

TheDC usedin our experimentalevaluationmaintainsbound-consistency. In each
agent,computationat lower levels is given priority over computationsat higher lev-
els.We generatedrandomlyproblemswith 15 variablesof 8 valuesandgraphdensity
of 20%. Their constraintswererandomlydistributedin 20 subproblemsfor 20 agents.
Figure3 shows their behavior for variabletightness(percentageof feasibletuplesin
constraints),averagedover500problemsperpoint.We testedtwo versionsof DMAC,
A1 andA2. A1 asynchronouslymaintainsboundconsistency atall levels.A2 is arelax-
ation whereagentsonly computeconsistency at levels wherethey receive new labels
or assignments,not after reductioninheritancebetweenlevels. A2 is obtainedin Al-
gorithm 4 by performingthe cycle startingat line 4.1 only for t = k, wherek is the
level of the incomingok? or propagate messagetriggeringit. In bothcases,theper-
formanceof DMAC is signi�cantly improvedcomparedto thatof AAS. Even for the
easypointswhereAAS requireslessthan2000sequentialmessages,DMAC proved
to bemorethan10 timesbetterin average.A2 wasslightly betterthanA1 on average
(exceptingat tightness15%). In theseexperimentswe have storedonly the minimal
numberof nogoods.Thenogoodsarethemaingainof parallelismin asynchronousdis-
tributedsearch.Storingadditionalnogoodswasshown for AAS to strongly improve
performanceof asynchronoussearch.As futureresearchtopic,we foreseethestudyof
new nogoodstoringheuristics[8,24,22,18,6].

8 Conclusion

Consistency maintenanceis oneof themostpowerful techniquesfor solvingcentralized
CSPs.Bringingsimilartechniquesto anasynchronoussettingposestheproblemof how
searchcanbeasynchronouswheninstantiationandconsistency enforcementstepsare
combined.We presenta solutionto this problem.A distributedsearchprotocolwhich
allows for asynchronously maintaining distributedconsistency with polynomialspace
complexity is proposed.DMAC-ABT builds on ABT, the basicasynchronoussearch
technique.However, DMAC-ABT canbeeasilyintegratedinto morecomplex versions
of ABT (combiningit with AAS and using abstractions[16], one can usecomplex
splittingstrategies[17] to dealef�ciently with numericDisCSPs[12]). Anotheroriginal
featureof DMAC is its capabilityof usingbacktracknogoodsto increasethestrength
of themaintainedconsistency.5 Theexperimentsshow that theoverall performanceof

5 Since this paper was submitted, [1] presents an algorithm reusing some backtrack nogoods in
MAC. That algorithm can be proven to behave as a centralized instance of DMAC.
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Fig. 3. Results averaged over 500 problems per point.

asynchronoussearchwith consistency maintenanceis signi�cantly improvedcompared
to thatof asynchronoussearchthatdoesnotmaintainconsistency.

Annexes (Proof)

Property 2 In finite time t i either a solution or failure is detected, or all the agents
A j ; 0≤j ≤i reach quiescence in a state where they are not refused a proposal satisfying
ECSP(A j )∪NVj(view(A j )).

Proof. The proof is by inductionon i. Let this be true for the agentsA j ; j <i . Let �
be themaximumtime takenby a message.After t i−1 + � , A i no longerreceivesok?
messages.A i receivesthelastvalid ok? messageat timet i

o≤t i−1 + � . ∃t i
v , t i−1 + � ≥t i

v
suchthataftert i

v , view(A i ) andall V u
k ; k< i of any agentAu areno longermodi�ed.

The set of disabledtuplesin CLu
k ; k< i can containonly a boundednumberof ele-

mentsfor eachagentAu andthey cannotbe invalidatedafter t i
o. CLu

k ; k< i cannotbe
invalidatedafter t i

v . SinceDCs wereassumedto terminate,they terminateafter each
modi�cation of aCLu

k . Sincethenumberof suchmodi�cationsthatcangenerateanew
consistency nogoodafter t i

v is bounded,after a �nite time no consistency nogoodis
receivedany longerby A i for levelsk< i .
Sincethedomainsare�nite, A i canmake only a �nite numberof differentproposals
satisfyingview(A i ). Onceany of themis sent,thetotalnumberof consistency nogoods
thatcanbereceivedbeforetheproposalis modi�ed is �nite (this resultsby induction
to levels k≤i of the reasoningfor k<i in the previous paragraphsinceafter v� , A i

canreceive only valid nogoods:valid explicit nogoodstrigger themodi�cation of the
instantiationof A i so that they canarrive only in �nite time; if valid explicit nogoods
arenot receivedandno instantiationmodi�cation is donein �nite time,no ok? is sent
any longerby A i , andthenumberof valid consistency nogoodsat level i is limited as
in thepreviousparagraph).
Only onevalid explicit nogoodcan be received for a proposalsincethe proposalis
immediatelychangedonsuchanevent.Invalid nogoodscanbereceivedonly within v�
time delayaftera proposalis made.Therefore,thereis a �nite numberof nogoodsthat
canbereceivedby A i for any of its proposalsmadeaftert i

v (andaftert i
o).

1. If oneof theproposalsis not refusedby incomingnogoods,andsincethenumber
of receivednogoodsis �nite, theinductionstepis correct.

2. If all proposalsthat A i can make after t i
o are refusedor if it cannot�nd any

proposal,A i hasto sendaccordingto rulesinheritedfrom ABT avalid explicit nogood



¬N to somebody. ¬N is valid sinceall theassignmentsof Ak ; k < i werereceivedat
A i beforet i

o.
2.a)If N is empty, failureis detectedandtheinductionstepis proved.
2.b)Otherwise¬N is sentto apredecessorA j ; j <i . Since¬N is valid, theproposal

of A j is refused,but dueto thepremiseof theinferencestep,A j either
2.b.i) �nds anassignmentandsendsok? messagesor
2.b.ii) announcesfailureby computinganemptynogood(inductionproven).

In thecase(i), since¬N wasgeneratedby A i , A i is interestedin all its variables,and
it will beannouncedby A j of themodi�cation by anok? messages.
Case2.b.i contradictstheassumptionthat the lastok? messagewasreceivedby A i at
time t i

o andtheinductionstepis thereforeprovedfor all alternativecases.Theproperty
canbeattributedto anemptysetof agentsandit is thereforeprovedby inductionfor all
agents.

Proposition 1. DMAC-ABT is correct, complete and terminates.

Proof. Completeness: All thenogoodsaregeneratedby logical inferencefrom exist-
ing constraints.Therefore,if a solutionexists,noemptynogoodcanbegenerated.
No infinite loop: Theresultfollows from Property2.
Correctness: All valid proposalsaresentto all interestedagentsandstoredthere.At
quiescenceall the agentsknow the valid interestingassignmentsof all predecessors.
If quiescenceis reachedwithout detectinganemptynogood,thenall theagentsagree
with their predecessorsandtheir intersectionis nonemptyandcorrect.

Proposition 3. The minimum space an agent needs with DMAC-ABT for ensuring
maintenance of the highest degree of consistency achievable with DC is O(v2(v + d)).
With bound consistency, the required space is O(v3).

Proof. d-maximal domainsize;v-numberof variables.The spacerequiredfor stor-
ing all valid assignmentsis O(v) for valuesandO(v) for the correspondingcounters.
The agentsneedto maintainat mostv levels,eachof themdealingwith maximumv
variables,for eachof themhaving at most1 lastconsistency nogood.Eachconsistency
nogoodrefersatmostv assignmentsin premiseandstoresatmostd valuesin label.The
stackof labelsrequiresthereforeO(v2(v + d)). Thespacerequiredby thealgorithmfor
solvingthe local problemdependson thecorrespondingtechnique(e.g.chronological
backtrackingrequiresO(v)). Thestoredexplicit nogoodsrequireO(dv) asmentionedin
Property1. In DMAC-ABT arealsostoredO(v2) tagsfor consistency nogoods.

Proposition 4. The minimum space an agent needs with DMAC-ABT1 for ensuring
maintenance of the highest degree of consistency achievable with DC is O(v3(v + d)).
With bound consistency, the required space is O(v4).

Proof. Theagentsneedto maintainat mostv levels,eachof themdealingwith max-
imum v variables,for eachof themhaving at mostv last consistency nogoods.Each
consistency nogoodrefersatmostv assignmentsin premiseandstoresatmostd values
in label.Thestackof labelsrequiresthereforeO(v3(v + d)). DMAC-ABT1 alsostores
O(v3) tagsfor consistency nogoods.The otherstructuresareidenticalasfor DMAC-
ABT.
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