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Abstract. One of the most powerful techniques for solving centralized constraint
satisfaction problems (CSPs) consists of maintaining local consistency during
backtrack search (e.g. [11]). Yet, no work has been reported on such a combi-
nation in asynchronous settings®. The difficulty in this case is that, in the usual
algorithms, the instantiation and consistency enforcement steps must alternate
sequentially. When brought to a distributed setting, a similar approach forces the
search algorithm to be synchronous in order to benefit from consistency main-
tenance. Asynchronism [24, 14] is highly desirable since it increases flexibility
and parallelism, and makes the solving process robust against timing variations.
One of the most well-known asynchronous search algorithms is Asynchronous
Backtracking (ABT). This paper shows how an algorithm for maintaining con-
sistency during distributed asynchronous search can be designed upon ABT. The
proposed algorithm is complete and has polynomial-space complexity. Since the
consistency propagation is optional, this algorithms generalizes forward check-
ing as well as chronological backtracking. An additional advance over existing
centralized algorithms is that it can exploit available backtracking-nogoods for
increasing the strength of the maintained consistency. The experimental evalua-
tion shows that it can bring substantial gains in computational power compared
with existing asynchronous algorithms.

1 Introduction

Distributed constraintsatisfction problems(DisCSPs)arise when constraintsand/or
variablescomefrom a setof independenbut communicatingagents Successfuten-
tralizedalgorithmsfor solving CSPscombinesearchwith local consisteng. Mostlocal
consisteng algorithmsprunefrom the domainsof variablesthe valuesthatarelocally
inconsistentvith the constraintshencereducingthe searchspace Whena DisCSPis
solved by distributed searchjt is desirablethat this searchexploits asynchronisnas
much as possible. Asynchronismgivesthe agentsmore freedomin the way they can
contrituteto searchallowing themto enforceindividual policies(on privacy, computa-
tion, etc.).It alsoincrease®oth parallelismandrobustnessln particular robustnesss
improvedby thefactthatthe searchcanstill detectunsatis ability evenin thepresence
of crashedagentsExistingwork on asynchronouslgorithmsfor distributedCSPshas
focusedon oneof thefollowing typesof asynchronism:

1 A preliminary version of this paper has been presented at the CP2000 Workshop on Distributed
CSPs[15]



a) deciding instantiations of variablesby distinct agents.The agentscan pro-
pose different instantiationsasynchronously(e.g. AsynchronousBacktracking
(ABT) [24]).

b) enforcing consistency. Thedistributed procesf achieving “local” consisteng on
theglobal problemis asynchronouge.g.Distributed Arc Consisteng [25]).

Combiningthesetwo techniquess however not aseasyasin the synchronousetting.
A straightforward mappingof the existing combinationschemecannotpresere asyn-
chronismof type a [21,4]. The contritution of this work is to considerconsisteng
maintenancesa hierarchicalnogood-basethference.This makesit possibleto con-
currentlyi) performasynchronousearchandii) enforcethehierarchief consisteny,
resultingin anasynchronous consisteng maintenancealgorithm.Sincethe consisteng
propagatioris optional thisalgorithmsgeneralize$orwardcheckingaswell aschrono-
logical backtrackingMore generalthanexisting centralizedalgorithms,our approach
canuseary availablebacktrackinghogoodso increasethe strengthof the maintained
consisteng. As expectedfrom the sequentiatase the experimentsshawv thatsubstan-
tial gainsin computationalpower can resultfrom combiningdistributed searchand
distributedlocal consisteny.

2 Related Work

The rst completeasynchronousearchalgorithmfor DisCSPsis the Asynchronous
Backtracking(ABT) [23]. Theapproactin [23] considerghatagentsnaintaindistinct
variablesNogoodremoval wasdiscussedn [8, 14]. Otherde nitions of DisCSPshave
consideredhe casewherethe intereston constraintds distributedamongagentg25,
20,14,7,5]. [20] proposeslgorithmsthat t the structureof areal problem(thenurse
transportatiorproblem).The AsynchronousAggregationSearch(AAS) [14] family of
protocolsactually extendsABT to the casewherethe samevariablecanbe instanti-
atedby several agents(e.qg. at differentlevels of abstraction12,16]). An agentmay
alsonotknow all constrainpredicateselevantto its variablesAAS offersthepossibil-
ity to aggreyatesereral branche®f the searchAn aggreationtechniquefor DisCSPs
wasthen presentedn [10] andallows for simple understandingf privagy/ef ciency
mechanismsalsodiscussedn [6]. The useof abstractions[16], notonly improveson
ef ciency but especiallyon privacy sincethe agentaneedto reveallesstheir details.A
generapolynomialspaceeorderingprotocolis describedn [13] andseveralheuristics
(e.g. weak commitment-lile) are discussedn [18]. [3] explainshow add-link mes-
sagescan be avoided. A techniqueenablingparallelizationand parallel proposalsn
asynchronousearchs describedn [19]. Severalalgorithmsfor achieving distributed
arcconsisteng arepresentedn [9, 25,2].

3 Prdiminaries

In this paperwe targetproblemswith nite domaing(we targetproblemswith numeric
domainsin [12,16]). For simplicity, but herewithout loss of generality we consider
that eachagentA; canproposeinstantiationgo exactly onedistinct variable,x; and
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Fig. 1. Distributed search trees in ABT: simultaneous views of distributed search seen by A,
As, and Ay, respectively. Each arc corresponds to a proposal from A; to A;. Circles show the
believed state of an agent. Dashed circle and line show known state that may have been changed.

knows all the constraintghatinvolve x; . ThereforeeachagentA;, knowsalocal CSR
CSP(A;), with variablesvars(A;). We presentheway in which our techniquecanbe
built on ABT, a simpleinstanceof AAS for certaintimings andagentstrateies,but it
canbe easilyadaptedo more complex framewnorks and extensionsof AAS. ABT al-
lows agentdo asynchronouslproposenstantiation®f variablesIn orderto guarantee
completenesandtermination ABT usesa staticorder< onagentsin thesequebf the
paper we assumehattheagentA; haspositioni; i > 1, whenthe agentsareordered
accordingo <. If i>] thenA; hasalower priority thanA; andA; hasahigher priority
thenA; .2 A; is thenasuccessoof A;,andA; apredecessarf A;.

Asynchronous distributed consistency: Most centralizedocal-consisteng algorithms
prunefrom the domainof variablesthe valuesthat are locally inconsistentwith the
constraints.Their distributed counterpartqe.g. [25]) work by exchangingmessages
on valueelimination. The restricteddomainsresultingfrom sucha pruningare called
labels. In this paperwe will only considerthe local consistencieslgorithmswhich
work on labelsfor individual variables(e.g.arc-,bound-consisteng. Let P bea Dis-
tributed CSPwith the agentsA;;ie{1::n}. We denoteby C(P) the CSPde ned by
Uieg1:n yCSPA ).2 Let A be a centralizedlocal consisteng algorithm as just men-
tioned. We denoteby DC(A) a distributed consisteng algorithm that computes by
exchangingvalueeliminations the samelabelsfor P as.A for C(P). WhenDC(A) is
runon P, we saythatP becomedC(A) consistentGenericinstanceof DC(A) are
denotedby DC. Typically with DC [25], the maximumnumberof generatednessages
is a’vd andthe maximumnumberof sequentiaessageis vd (v:numberof variables,
d:domainsize,a:numberof agents).

4 Asynchronous consistency maintenance

In the sequential/synchronosgtting theview of the searchtreeexpandedy aconsis-
teng/ maintenancealgorithmis unique.Eachnodeat depthk, correspond$o assigning
tothevariablexy avaluev; fromits label.Initially thelabelof eachvariableis setto its
full domain.After eachassignmenky =v;, a local consisteng algorithmis launched
which computedor the future variableshelabelsresultingfrom this assignment.

2 They can impose first eventual preferences they have on their values.
3 The union of two CSPs, P, and P, is a CSP containing all the constraints and variables of P;
and Ps.



In distributedsearcHe.g.ABT), eachagenthasits own perceptiorof thedistributed
searchtree.lts perceptioron this treeis determineddy the proposalgecevedfrom its
predecessor#n Figurelis shovn asimultaneousiew of threeagentsOnly A, knows
thefourth proposalof A;. As hasnotyetrecevedthethird proposalof A, consistent
with the third proposalof A;. However, A, knows that proposalof As. In Figure 1
we supposehatA, hasnot receved arything valid from A3 (e.g.after sendingsome
nogoodto A s whichwasnotyetreceved).Thetermlevel in Figurel refersto thedepth
in the (distributed)searchreeviewedby anagent.

Let P bea Distributed CSPwith theagentsA;;i€{1::n}, A beacentralizedocal
consisteng algorithmandDC(A) oneof its distributedcounterpartsSupposehatthe
instantiationorderof the variablesn C(P ) is determinedyy the orderof the agentsn
P. In orderto guarante¢hatwith DC(4) onemaintainsfor the variablesof agentsA;
of P thesamdabels,£, thanwith .4 in C(P ), onecansimply imposethat:

1. Ai must have receved the proposalsof all its predecessordefore launching
DC(A),
2. Ai cannotmake ary proposabith valuesoutside£, computedoy DC(A).

This approacH21,4] is synchronousAlternatively, we proposeto handleconsisteng
maintenancesa hierarchicaltask. We shaw that A; canthenbene t from the value
eliminationsresulting from the proposalsof subsets of its predecessorss soonas
available.More precisely if A;j hasreceved proposalsfrom someof its k rst pre-
decessorsye saythatit canbene t from valueelimination(nogoods)f level k. Such
nogoodsare determinedby instantiationsof X, t<k (known proposals)DC process
atlevel k or inheritedfrom DCs at previous levels alongthe samebranch.A DC pro-
cessof level k is aprocessvhich only takesinto accounthe known proposalof thek
rst agentsTheresultinglabelsaresaidto be of level k. Whenthe nogoodsde ning
labelsareclassi ed accordingto their correspondindevels,andwhenthey arecoher
ently managedy agentsasshovn here theinstantiationdecisionsandDCsof levelsk
canthenbeperformedasynchronousljor differentk with polynomialspacecomplex-
ity andwithout loosingthe inferencepower of DC(A). Moreover, backtrack-nogoods
involving only proposalsrom agentsA;; <k canbe usedby DC at level k. Sincethe
useof mostnogoodss optional,mary distinctalgorithmsresultfrom the employment
of differentstrategyiesby agents.

5 The DMAC-ABT protocol

This sectionpresentdD MAC-ABT (Distributed Maintaining AsynchronouslyConsis-
teng for ABT), acompleteprotocolfor maintainingasynchronouslgonsisteng. Since
it buildson ABT, we startby recallingthe necessarpackgroundandde nitions.

51 ABT

In asynchronousacktrackingthe agentsrun concurrentlyand asynchronouslyEach
agentinstantiatesits variable and communicateghe variable value to the relevant



agentsAs describedor AAS [14], sincewe do not assumégeneralizedfFIFO chan-
nels,in thepolynomial-spaceequirementslescriptiongivenherealocal counter, C)'(
in eachagentA; is incrementedeachtime a new instantiationis chosen.The current
valueof C)'( tags eachassignmenmadeby A; for X;.

Definition 1 (Assignment). An assignmentor a variable x; is a tuple (x;; v; c) where
v is a value from the domain of x; and c is the tagvalue (value of C; ).

Amongtwo assignmentfor thesamevariable theonewith thehighertag (attached
valueof the counter)is the newest.

Rule 1 (Constraint-Evaluating-Agent) Each constraint C is evaluated by the lowest
priority agent whose variable is involved in C. This agent is denoted CEA(C).

Thesetof constraintenforcedoy A; aredenotecECSP(A ;) andthesetof variables
thatareinvolvedin ECSPA\;) is denotedevars(A;), wherex; cevars@A;). Eachagent
holdsalist of outgoing links representetdy a setof agentsLinks areassociatedvith
constraintsABT assumethateverylink is directedfrom thevaluesendingagentto the
constraint-galuating-agent.

Definition 2 (Agent_View). The agentview of an agent, A;, is a set, view(A;), con-
taining the newestassignments received by A; for distinct variables.

Basedon their constraintsagentsperforminferencesconcerningthe assignments
in their agent_view. By inferencethe agentgyeneratenew constraintsallednogoods.

Definition 3 (Explicit Nogood). An explicit nogoodhas the form =N where N is a set
of assignments for distinct variables.

Thefollowing typesof messageareexchangedn ABT:

— ok? messagéransportinganassignmenis sentto a constraint-galuating-agento
askwhetherachoservalueis acceptable.

— nogood messagé&ransportinganexplicit nogood. It is sentfrom theagenthatinfers
anexplicit nogood —N , to theconstraint-galuating-agentor =N .

— add-link messagannouncingd; thatthesende; ownsconstraintsnvolving x;.
Aj insertsA; in its outgoing links andanswersvith anok?.

Theagentsstartby instantiatingheir variablesconcurrentlyandsendok? messages
to announceheir assignmento all agentswith lower priority in their outgoing links.
Theagentsanswerto recevedmessageaccordingo the Algorithm 1 (givenin [13]).

Definition 4 (Valid assignment). An assignment (x; v1; ¢;) known by an agent A, is
valid for A, as long as no assignment (X; Va; C2), C2>C 1, is received.

A nogood is valid if it containsonly valid assignmentsThe next propertyis a
consequencef thefactthatABT is aninstanceof AAS.

Property 1 If only one valid nogood is stored for a value then ABT has polynomial
space complexity in each agent, O(dv), while maintaining its completeness and termi-
nation properties. d is the domain size and v is the number of variables.
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1.2

when received (0k?,(z;, d;, cz;)) do
if(old c.; ) return;
add(:cj,dj,czj) to agent_view;
eliminate invalidated nogoods;
| check_agent_view;
when received (nogood,A;,—~N) do
when any (z, d, ¢) in N is invalid (old ¢) then
send (ok?,(x;, current_value, C% ) to Aj;
return;
when (z, di, cx), where x;, is not connected, is contained in =N
send add-link to Ag;
add (z, di, ci) to agent_view;
when (z;, d, ¢c)€N, then put =N in nogood-list for z;=d;
add other new assignments to agent_view;
eliminate invalidated nogoods;
old_value < current_value;
check_agent_view;
when old_value = current_value
send (ok?,(x;, current_value, C% ) to Aj;

procedure check_agent_view do
when agent_view and current_value are not consistent
if no value in D; is consistent with agent_view then
| backtrack;
ese
select d € D, where agent_view and d are consistent;
current_value < d; C%_++;
send (ok?, (x4, d, Cs,)) to lower priority agents in outgoing links;
procedure backtrack do
nogoods < {V' | V' = inconsistent subset of agent_view};
when an empty set is an element of nogoods
broadcast to other agents that there is no solution, terminate this algorithm;
for every V' € nogoods;
select (x;,d;,c) where z; has the lowest priority in V;
send (nogood, 4;,V) to Aj;;
eliminate invalidated explicit nogoods;
remove (x;,d;,c) from agent_view;
| check_agent_view;

Algorithm 1: Procedures of A; for receiving messages in ABT with nogood removal.



when received(propagate, A; k,ck (4),V—(z.¢l)) do
21 | when have higher tag c& (j,i)>ck () then return;
ck (4,3) «— c&_(j); whenany (z,d, c) in V is invalid (old c) then return;
when (x., du, c. ), Where z,, is not connected, is contained in V
send add-link to A,; add (x., du, c.) to agent_view;
22 add other new assignments in V to agent_view; eliminate invalidated nogoods;
cnﬁv (2,7) «— {V—(z.¢l)}; maintain_consistency(minimal level that is modified);
| check_agent_view; /fonly satisfies consistency nogoods of levels t, t<cL;;
procedure maintain_consistency(minT) do
if (minT > cL;) then return; //cL; is the current inconsistent level (initially i+1);
2.3 for (t<—minT; t<i; t++)
2.4 new-cn «— consistency nogood for x; after local consistency on P;(¢);
when (domain wipe out by computing the explicit nogoods N)
for every Ve N;
select (x;, dj, c, ;) Where x; has the lowest priority in V;
send (nogood, A;,V) to A;; eliminate invalidated explicit nogoods;
remove (z;, d;, c..;) from agent_view;

25 cL; «t; break;
when new-cn shrinks label of x; (obtained from ngtcnl;i (4,17))
2.6 ent (i,1) < new-cn; C ++;

send (propagate,Ai,k,C;i,new-cn) to agents A;, j>t,x; € evars(A;);

Algorithm 2: Procedure of A; for receiving propagate messages in DMAC-ABT.

5.2 DMAC-ABT

Parts of the contentof a messagenay becomeinvalid due to newer available infor-
mation.We requirethatmessagearrive atdestinatiorin nite time afterthey aresent.
Therecevercandiscardtheinvalid incominginformation,or canreusenvalid nogoods
with alternatve semanticge.g.asredundantonstraints).

In additionto the messagesf ABT, the agentsn DMAC-ABT may exchangen-
formationaboutnogoodsinferredby DCs. This is doneusingpropagate messageas
shavnin Algorithm 2. Beforemakingtheir rst proposaksin ABT, cooperatingagents
canstartwith a call to maintain_consistency(0).

Definition 5 (Consistency nogood). A consistency nogood for a level k and a variable
x has the form V —(xel¥) or V——(xes\I¥). V is a set of assignments. Any assign-
ment in V must have been proposed by Ay or its predecessors. 1X is a label, IX£0. s is
the initial domain of x.4

Thepropagate messagefor alevel k aresentto all agentsA; ;i >k; x; cevars(A;).
They take as parametershe referencek of a level and a consisteng nogood.Each
consisteng nogoodfor avariablex; andalevelk is tagged with thevalueof acounter
C>I<(¢ maintainedy thesenderTheagentsA; usethemostrecentproposal®of theagents
Aj;j <k whenthey computeDC consistentiabelsof level k. A; may receve valid
consisteng nogoodsof level k with assignmentgor the setof variablesy, V notin

4 Or a previously known label of = (for AAS).



evars@;). Aj mustthensendadd-link messageto all agentsAy; k’<k notyetlinked

to Aj andowning variablesin V. In orderto achiese consistenciegsynchronously
besideghe structureof ABT, implementationg€anmaintainat ary agentA;, for ary

level k, k<i:

- Theset,V,, of thenewestvalid assignmentproposedy agentsA; ; j <k, for each
interestingvariable.

— For eachvariablex, xevars@;), for eachagentA; ;j >k, the lastconsisteng no-
good(with highestiag)sentby A; for level k, denotectnk (i; j ). cn(i; j ) is stored
only aslong asit is valid. It hastheform V]'; *)(XES]!(;X ).

NV; (Vi) is the constraintof coherenceof A; with the view V. Let cnk(i; @) be
(U VS )= (xen st ). Pi(k) == CSP(A;) U (Uxenk (i; 1)) UNV; (V) U CLE.
Ck isincrementedn eachmodi cation of cnk (i; i) (line 2.6).

On eachmodi cation of P; (k), cn)'ﬁi(i; i) is recomputedby inference(e.g. using
local consisteng techniquesat line 2.4) for the problemP; (k). cn¥ (i; i) is initialized
asanemptyconstraintset.CL ¢ is the setof all nogoodsknown by A; andhaving the
form V—C whereV CV,! andC is aconstrainbver variablesin vars@;). cn¥ (i i) is
storedandsentto otheragentsby propagate messagesf its label shrinksandeither
CSP@Q;) or CL ¢ wasusedfor its logicalinferencefrom P; (k). Thisis alsothemoment
WhenC)'(‘i is incrementedThe procedurdor receving propagate messagess givenin
Algorithm 2.

We now prove the correctness;ompletenesandterminationpropertiesof DMAC-
ABT. Weonly useDC techniqueshatterminate(e.g.[25, 2]). By quiescencef agroup
of agentsve meanthatnoneof themwill receve or generateary valid nogoodshew
valid assignmentgyropagate or add-link messages.

Property 2 In finite time t' either a solution or failure is detected, or all the agents
Aj; 0<j <i reach quiescence in a state where they are not refused a proposal satisfying
ECSPA; )JUNV;(view(Aj)).

Proposition 1. DMAC-ABT is correct, complete and terminates.

Theproofis givenin Annexes.It remainsto shav the propertiesof thelabelscom-
putedby DMAC-ABT at eachlevel of the distributedsearchtree.If the agentsusing
DMAC-ABT, storeall thevalid consisteng nogoodghey receve,thenDCsin DMAC-
ABT corvergeandcomputea local consistenglobal problemat eachlevel (eachpair
initial_constraint-ariablelabelis checledby someagent)If onthecontrarytheagents
donotstoreall thevalid consisteng nogoodghey recevve but discardsomeof themaf-
ter inferring the correspondingn (i; i), thensomevalid boundsor valueeliminations
canbelostwhenacn (i; i) is invalidated Differentlabelsarethenobtainedn different
agentdor the samevariable. Thesedifferencedhave asresultthatthe DC atthe given
level of DMAC-ABT canstopbeforetheglobalproblemis DC consistenatthatlevel.

Among the consisteng nogoodsthat an agentcomputedtself at level k from its
constraintscnk (i; i), let it storeonly the last onefor eachvariableandonly aslong
asit is valid. Let A; alsostoreonly the last (with highesttag) consisteng nogood,



when received (0k?,(z;, d;, cz;)) do
if(old c.; ) return;
3.1 add(x;,d;,c.;) to agent_view; eliminate invalidated nogoods;
maintain_consistency(j);
| check_agent_view; /fonly satisfies consistency nogoods of levels t, t<cL;;
procedure check_agent_view do
when agent_view and current_value are not consistent //cf. nogoods of levels t, t<cL;
if no value in D; is consistent with agent_view then
| backtrack;
ese
select d € D, where agent_view and d are consistent;
current_value « d; C;i++; maintain_consistency(i);
send (ok?, (x4, d, Cs,)) to lower priority agents in outgoing links;

Algorithm 3: Procedures of A; for receiving ok? messages in DMAC-ABT.

cnk(i; j ), sentto it for eachvariablexcvars@;) at eachlevel k from ary agentA; .

cnk(i; j ) is also storedonly aslong asit is valid. Eachagentstoresthe highesttag
& (j ) for eachvariablex, level k andagentA; thatsenddabelsfor x. Then:

Proposition 2. DC(.A) labels computed at quiescence at any level using propagate
messages are equivalent to .4 labels when computed in a centralized manner on a pro-
cessor. This is true whenever all the agents reveal consistency nogoods for all minimal
labels, 1%, which they can compute and when CLi are not used.

1 Ixo

Proof. In eachsentpropagate messagethe consisteng nogoodfor eachvariableis

thesameastheonemaintainedy thesenderBy checkingc)'ﬁy (j ) atline 2.1,thestored
consisteng nogoodsarecoherentindareinvalidatedonly whennewer assignmentare
recevved(eventthatis coherentptlines1.1,2.2,3.1Any assignmeninvalidin oneagent
will eventuallybecomanvalid for ary agent.Thereforeany suchnogoodis discarded
atary agent,ff it is alsodiscardedat its senderThe labelsknown at differentagents,
being computedfrom the sameconsisteng nogoods.are thereforeidentical and the

distributed consisteng will not stop at ary level beforethe global problemis local

consistentn eachagent. o

Sinceconsisteng nogoodsarenot discardedvhennogoodsaresentto agentggen-
eratingtheir assignmentsasynchronisms ensureddy temporarilydisregardingthose
consisteng nogoods.In Algorithm 3 we only satisfy consisteng nogoodsat levels
lower thanthe currentinconsistentevel, cL; (seeline 2.5in Algorithm 2). Alterna-
tively, suchconsisteng nogoodscould be discardedout then,to ensurecoherencef
labels,agentsreceving ary nogoodshould always broadcast@assignmentsvith new
tagsandmary nogoodswould be unnecessariljnvalidated.

ABT maydealwith problemsthatrequireprivacy of domains.For suchproblems,
agentanayrefuseto reveallabelsfor somevariablesgspeciallysincetheinitial labels
atlevel 0 aregiven by theinitial domains.The strengthof the maintainedconsisteng
is thenfunction of how mary suchprivatedomainsareinvolvedin the problem.The
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procedure maintain_consistency(minT) do
if (minT > cL;) then return;
for (t—minT; t<i; t++)
new-cns < consistency nogoods for all vars(A;) after local consistency on P;(¢);
when (domain wipe out by computing explicit nogoods nogoods)
for every V' € nogoods;
select (x;, d;, cz;) where x; has the lowest priority in V;

4.2 send (nogood, A;,V) to A;; eliminate invalidated explicit nogoods;

cL; «t; remove (z;, d;, c.;) from agent view;
break;
forall new-cn < consistency nogood for any variable x,, in new-cns
when new-cn shrinks label of z,, (obtained from Uw,kgtcn’;u (3, w))
enl, (i,4) < new-cn; ¢k (i)++;
send (propagate, A;,t,ct,, ,new-cn) to agents A;, j>t, z,€vars(A;);

Algorithm 4: Procedure of A; for receiving propagate messages in DMAC-ABTL.

DisCSPspresentingonly privacy on constraintsandthe correspondingrersionsand
extensionof ABT, suffer lessof this problem.

Proposition 3. The minimum space an agent needs with DMAC-ABT for ensuring
maintenance of the highest degree of consistency achievable with DC is O(v2(v + d)).
With bound consistency, the required space is O(v?).

Theproofis givenin Annexes.

5.3 Using available valid nogoods in P;(k) for maintaining consistency
(DMAC-ABT1)

In Algorithm 2, anagentA; only sendsconsisteng nogooddor the variablex;. How-
ever, whenthelocal consisteng is computedor P; (k), new labelsarealsocomputed
for othervariablesknown by A;.

If in P; (k) we only useconsisteng nogoodsandinitial constraintsthe nal result
of the consisteng maintenancés coherentn the sensehatat quiescencatary given
level, eachagentendsknowing the samelabelfor eachvariable.Namelythe new label
obtainedby A; for somevariablex, will be computedandsentby A, afterreceving
theotherlabelsin consisteng nogoodsandinstantiationghatA; knowsandarerelated
toxy.

We proposehatagentscanusein their P; (k) valid explicit nogoodshatthey have
recevved by nogood message®r old and invalidatedconsisteng nogoodsstoredas
redundantconstraints.n this last casethe labels obtainedwith Algorithm 2 are no
longerminimal sinceanagentA, doesnotknow all constraintghatcanbeusedby A;
locally for computingits versionof the labelof x,, atlevel k.

In Algorithm 4 we presenta versionof DMAC-ABT that we call DMAC-ABT1.
In DMAC-ABT1, A; cansendconsisteng nogooddor all variablefoundin CSPA;).
The spacecompleity for storingthe lasttagsfor the consisteng nogoodsat all lev-
els and coming from all otheragentsis now O(v3) andfor DMAC-ABT1 the space



A Ok?<l‘17 1, 1>—_> Az
: Ay _propagate(A42,0,1,x3 ¢ {2})— A:
: Ao _propagate(A»,0,1,23 € {2})_. As
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: Ay _propagate(A;,0,1,z1 € {1})— As
A 70k?<l’1, 2, 2>—> AS
: A; _propagate(A4;,0,1,z1 € {1})— A1
tAs — nogood—({x1,1,1)— A;
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Fig. 2. Simplified example for DMAC-ABT1. Function of the exact timing of the network, some
of these messages are no longer generated. Only 2 messages are sequential (half round-trips).
ABT needs 4 sequential messages (half round-trips) for the same example (see [23]).

complexity is O(v3(v + d)). However, the power of DCsis increasedsinceit canac-
commodateany availablenogood.The numberof sequentiamessages alsoreduced
sincethereis no needto wait for A, to recevethelabelof x; beforereducingthelabel
of x,,. RatherA; propagategtself thelabelof x,,.

Proposition 4. The minimum space an agent needs with DMAC-ABT1 for ensuring
maintenance of the highest degree of consistency achievable with DC is O(v3(v + d)).
With bound consistency, the required space is O(v*).

Theproofis givenin Annexes.We denoteby DMA C-ABT2 theversionof DMAC-
ABT whereary agentA; cancompute sendandreceve labelsfor variablesconstrained
by their storednogoodsandredundantonstraintsut notfoundin vars(A;).

6 Example

In Figure 2 we shav atraceof DMAC-ABTL1 for the exampledescribedn [23]. Be-
fore makingits proposal As sendspropagate messageto announcehe consisteng
nogoodxs ¢ {2} of level 0, taggedwith ¢}, (2) = 1. Thesepropagate messageare
sentbothto A; andAs. A; sendsanok? messag@roposinga new instantiation.

As (andA; whenthedomainof x5 is public) computeboththe consisteng nogood
x1 & {1} atlevel 0. A; computesan explicit nogoodfrom consisteng at level 1 and
sendsit to A;. This nogoodis invalid sinceA; hasalreadychangedts instantiation
(anda small modi cation of DMAC-ABTL, for simplicity not given here,can avoid
sendingit). ThensolutionandquiescencearereachedThe longestsequenc®f mes-
sagevalid attheir recevers(length2) consistdn messageg,6. Theworstcasetiming
(slow communicationrchannelfrom A, to A; or privagy for the domainof x3) gives
the longestsequence,7,6 (5 would not be generated)The factthat ABT (aswell as
ary synchronouslgorithm)would requireatleast4 sequentiainessageslustratesthe
parallelismofferedby asynchronousonsisteng maintenance.

7 Experiments

We have presentechere DMAC-ABT1, an algorithmthat allows to maintainconsis-
teng in ABT. ABT waschosersinceit is simplerto presenandexplain. Recentlywe



have presentednextensionof ABT thatallows severalagentgo proposemodi cations
tothesamevariableandallows agentdo aggrejatevaluesin domainsThatextensionis
calledAsynchronouAggregationSearch(AAS) [14]. In [14] is shavn thatthe aggre-
gationsbringto ABT improvementf anorderof magnitud€or versionghatmaintain
a polynomialnumberof nogoodsHereit is thereforeappropriateo testthe improve-
mentsthat our techniquefor maintainingconsisteng bringsto AAS. The versionof
DMAC-ABT1 for AAS is denotedMAC.

We have run our testson a local network of SUN stationswhereagentsareplaced
on distinct computersWe usea techniquethat enablesagentsto processwith higher
priority propagate andok? messagefor lower levels.

The DC usedin our experimentalevaluationmaintainsbound-consistencIn each
agent,computationat lower levels is given priority over computationsat higher lev-
els.We generatedandomlyproblemswith 15 variablesof 8 valuesandgraphdensity
of 20%. Their constraintsvererandomlydistributedin 20 subproblemgor 20 agents.
Figure 3 shaws their behavior for variabletightness(percentagef feasibletuplesin
constraints)averagedover 500 problemsper point. We testedtwo versionsof DMAC,
Al andA2. Al asynchronouslynaintainsboundconsisteng atall levels.A2 is arelax-
ation whereagentsonly computeconsisteng at levels wherethey receve new labels
or assignmentsyot after reductioninheritancebetweenlevels. A2 is obtainedin Al-
gorithm 4 by performingthe cycle startingat line 4.1 only for t = k, wherek is the
level of theincomingok? or propagate messageriggeringit. In both casesthe per
formanceof DMAC is signi cantly improved comparedo thatof AAS. Evenfor the
easypointswhere AAS requireslessthan 2000 sequentiainessagesd)MAC proved
to be morethan 10 timesbetterin average A2 wasslightly betterthanAl on average
(exceptingat tightness15%). In theseexperimentswe have storedonly the minimal
numberof nogoodsThenogoodsarethemaingainof parallelismin asynchronoudis-
tributed search Storing additionalnogoodswas shovn for AAS to stronglyimprove
performancef asynchronousearchAs future researchopic, we foreseethe studyof
new nogoodstoringheuristicy8, 24,22,18,6].

8 Conclusion

Consisteng maintenancés oneof themostpowerful techniquegor solvingcentralized
CSPsBringingsimilartechnique$o anasynchronousettingposegheproblemof how
searchcanbe asynchronousvheninstantiationand consisteng enforcemenstepsare
combined We presenta solutionto this problem.A distributedsearchprotocolwhich
allows for asynchronously maintaining distributedconsisteng with polynomialspace
compleity is proposedDMAC-ABT huilds on ABT, the basicasynchronousearch
techniqueHowever, DMAC-ABT canbe easilyintegratedinto morecomplex versions
of ABT (combiningit with AAS and using abstractionq16], one can use comple
splitting strateyies[17] to dealef ciently with numericDisCSPg412]). Anotheroriginal
featureof DMAC is its capability of usingbacktracknogoodsto increasethe strength
of the maintainedconsisteny.® The experimentsshaw thatthe overall performanceof

5 Since this paper was submitted, [1] presents an algorithm reusing some backtrack nogoods in
MAC. That algorithm can be proven to behave as a centralized instance of DMAC.
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Fig. 3. Results averaged over 500 problems per point.

asynchronousearchwith consisteng maintenancés signi cantly improvedcompared
to thatof asynchronousearchthatdoesnot maintainconsisteng.

Annexes (Proof)

Property 2 In finite time t' either a solution or failure is detected, or all the agents
Aj; 0<j <i reach quiescence in a state where they are not refused a proposal satisfying
ECSPA; )JUNV;(view(Aj)).

Proof. The proofis by inductiononi. Let this betrue for the agentsA; ;j <i . Let
be the maximumtime taken by a messageAfter t —! + | A; nolongerreceivesok?
messaged\; receivesthelastvalid ok? messagattimet! <t'~'+ .3t t'=1 + >t}
suchthataftert!,, view(A;) andall VU; k<i of ary agentA,, arenolongermodi ed.
The set of disabledtuplesin CL}; k<i cancontainonly a boundednumberof ele-
mentsfor eachagentA, andthey cannotbe invalidatedaftert. CLY;k<i cannotbe
invalidatedaftert!,. Since DCs were assumedo terminate they terminateafter each
modi cation of aCL}. Sincethe numberof suchmodi cationsthatcangenerate new
consisteng nogoodafter t!, is boundedafter a nite time no consisteng nogoodis
recevedary longerby A; for levelsk<i.
Sincethe domainsare nite, A; canmake only a nite numberof differentproposals
satisfyingview(A;). Onceary of themis sent thetotal numberof consisteng nogoods
thatcanbe received beforethe proposalis modi ed is nite (this resultsby induction
to levels k<i of the reasoningfor k<i in the previous paragraphsinceafterv , A;
canreceve only valid nogoodsyvalid explicit nogoodstrigger the modi cation of the
instantiationof A; sothatthey canarrive only in nite time;if valid explicit nogoods
arenotrecevedandno instantiationmodi cation is donein nite time, no ok? is sent
ary longerby A;, andthe numberof valid consisteng nogoodsat level i is limited as
in the previousparagraph).
Only onevalid explicit nogoodcan be receved for a proposalsincethe proposalis
immediatelychangedn suchanevent.Invalid nogoodsanberecevvedonly within v
time delayaftera proposals made.Thereforethereis a nite numberof nogoodghat
canberecevedby A; for ary of its proposalsnadeaftert!, (andaftert.).

1.If oneof theproposalss notrefusedby incomingnogoodsandsincethenumber
of recevednogoodss nite, theinductionstepis correct.

2. If all proposalsthat A; canmake after t!, arerefusedor if it cannot nd ary
proposalA; hasto sendaccordingo rulesinheritedfrom ABT avalid explicit nogood



—N to somebody-N is valid sinceall the assignmentsf A ; k < i wererecevedat
A; beforet!.

2.a)lf N is empty failureis detectedandtheinductionstepis proved.

2.b)Otherwise-N is sentto apredecessoh; ;j <i . Since-N isvalid, theproposal
of A; is refusedput dueto the premiseof theinferencestep,A; either

2.bi) nds anassignmenandsendok? messageser

2.bii) announcesailure by computinganemptynogood(inductionproven).
In the case(i), since—N wasgeneratedy A, A; is interestedn all its variablesand
it will beannouncedby A; of themodi cation by anok? messages.
Case2.hi contradictghe assumptiorthatthe lastok? messagevasrecevedby A; at
timet! andtheinductionstepis thereforeprovedfor all alternatve casesThe property
canbeattributedto anemptysetof agentsandit is thereforeprovedby inductionfor all
agents. o

Proposition 1. DMAC-ABT is correct, complete and terminates.

Proof. Completeness: All thenogoodsaregeneratedby logicalinferencefrom exist-
ing constraintsThereforejf a solutionexists,no emptynogoodcanbe generated.

No infinite loop: Theresultfollows from Property2.

Correctness: All valid proposalsare sentto all interestedagentsand storedthere. At
quiescencall the agentsknow the valid interestingassignmentsf all predecessors.
If quiescencés reachedvithout detectingan emptynogood,thenall the agentsagree
with their predecessorm@ndtheir intersectioris nonemptyandcorrect. a]

Proposition 3. The minimum space an agent needs with DMAC-ABT for ensuring
maintenance of the highest degree of consistency achievable with DC is O(v2(v + d)).
With bound consistency, the required space is O(v3).

Proof. d-maximaldomainsizey-numberof variables.The spacerequiredfor stor
ing all valid assignmentss O(v) for valuesand O(v) for the correspondingounters.
The agentsneedto maintainat mostv levels, eachof themdealingwith maximumv
variablesfor eachof themhaving at most1 lastconsisteng nogood.Eachconsisteng
nogoodrefersatmostv assignmentis premiseandstoresatmostd valuesin label. The
stackof labelsrequireghereforeO(vZ(v + d)). Thespaceequiredoy thealgorithmfor
solvingthelocal problemdepend®n the correspondindgechnique(e.g.chronological
backtrackingequiresO(v)). Thestoredexplicit nogoodsequireO(dv) asmentionedn
Propertyl. In DMAC-ABT arealsostoredO(v?) tagsfor consisteng nogoods. o

Proposition 4. The minimum space an agent needs with DMAC-ABT1 for ensuring
maintenance of the highest degree of consistency achievable with DC is O(v3(v + d)).
With bound consistency, the required space is O(v*).

Proof. Theagent:eedto maintainat mostv levels, eachof themdealingwith max-
imum v variables for eachof themhaving at mostv last consisteng nogoods Each
consisteng nogoodrefersat mostv assignments premiseandstoresat mostd values
in label. The stackof labelsrequiresthereforeO(v3(v + d)). DMAC-ABT1 alsostores
O(v3) tagsfor consisteng nogoods The otherstructuresareidenticalasfor DMAC-
ABT. o
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