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Abstract

Multiple vanishing point detection provides the key to recovering the perspective pose of textured planes. If vanishing
points are to be detected from spectral information then there are two computational problems that need to be solved.
Firstly, the search of the extended image plane is unbounded, and hence the location of vanishing points at or near
infinity is difficult. Secondly, correspondences between local spectra need to be established so that vanishing points
can be triangulated. In this paper, we offer a way of overcoming these two difficulties. We overcome the problem of
unbounded search by mapping the information provided by local spectral moments onto the unit sphere. According
to our representation, the position and direction of each local spectrum maps onto a great circle on the unit sphere.
The need for correspondences is overcome by accumulating the great circle intercepts. Vanishing points occur at local
accumulator maxima on the unit sphere. To improve the accuracy of the recovered perspective pose parameters for highly
slanted planes, we use an adaptive spectral window. This selects the window so as to reduce spectral defocusing by
minimising the determinant of the spectral covariance matrix. We experiment with the new shape-from-texture technique
on both synthetic and real world data. Here it proves to be an accurate and robust means of estimating perspective pose.
© 2002 Pattern Recognition Society. Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction [3], and Super and Bovik [4] have used affine approx-

imations to recover the surface orientation through

Shape-from-texture refers to the process of esti-
mating of surface orientation from the perspective
foreshortening of texture patterns [1,2]. In the liter-
ature, there are two routes to recovering the param-
eters of the required perspective projection. The first
of these involves recovering the slant and tilt angles by
spectral analysis. For instance both Krumm and Shafer
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an iterative process of back-projection. However, this
method is numerically cumbersome. The alternative
approach is a geometric one. Here the idea is to use
structural primitives to locate vanishing points [5,6].
In fact, Garding [7] has provided an elegant frame-
work which relates the texture gradient to the underly-
ing differential geometry of curved surfaces. Provided
that two or more vanishing points are available, pla-
nar surface orientation can be directly determined.
There are several limitations to the use of vanish-
ing points. Firstly, there is a need to reliably segment
structural texture primitives from the raw image data.
Even if the primitives can be detected reliably, then
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the search of the image plane for vanishing points is
unbounded.

Recently, we have presented a new spectral analy-
sis which combines some of the best features of the
spectral and structural methods for perspective pose
recovery from textured images. Our main theoretical
contribution has been to show that local spectral peaks
have a uniform angle along lines which radiate from
a vanishing point [8,9]. The method avoids the use of
time-consuming numerical back projection and the re-
quirement for pre-segmented geometric texture tokens.
However, we have demonstrated proof of concept for
the method using very simple methods for locating and
reconstructing vanishing points. One of the limitations
of the methods used is the need to find correspondences
between spectral peaks so that vanishing points can be
triangulated. The aim of this paper is to explore ways of
overcoming the dual problems of unbounded search for
vanishing point and the need to acquire reliable spectral
triangulation.

As revealed in the literature [10], the location of
vanishing point from texture distribution is not itself
a straightforward task. However, in order to overcome
problems of poor feature detection many authors opt
to use voting techniques such as the Hough-transform
[11-13] and line-clustering [14]. Recently, Shufelt [10]
has produced an empirical evaluation of some of the
available methods. However, since we are working
with local spectral peaks and are not concerned with
line-primitive detection, one of the most elegant avail-
able methods is the unit-sphere representation of Barnard
[15]. This maps the search for vanishing points to a
Hough-like accumulation process on the unit sphere
placed at the focal point on the optic axis. However,
the method has been used only in the structural domain,
where its effectiveness has been limited by the reliability
of the available texture primitives. The aim of this paper
is to explore the use of this search procedure in the spec-
tral domain. The advantages of the method are twofold.
Firstly, it bounds the search space for vanishing points to
the unit sphere. Secondly, when used in conjunction with
our property of spectral angle constancy, the accumula-
tion process avoids the need for spectral correspondences
for the purposes of triangulating vanishing points.

The idea behind our new method for perspective pose
recovery is as follows. According to the representation
of Barnard [15], lines on the image plane map to great
circles on the unit sphere. Based on our spectral analysis,
the position of a point on the image plane together with
the direction of its spectral moment define a great circle
on the unit sphere. When several local spectra originate
from the same vanishing point, then they will have iden-
tical angles in the Fourier power spectrum. The Fourier
domain angle of each detected spectral peak together with
its position on the image plane define a straight-line on
the image plane which maps to a great circle on the unit

sphere. Corresponding spectral peaks which fall on the
same line radiating from a vanishing point belong to the
same great circle. Different spectral peaks at the same
location are associated with different vanishing points.
On the unit sphere, the locations of vanishing points cor-
respond intersections of great circles. We treat the unit
sphere as a Hough accumulator. Each detected spectral
peak is converted into a great circle and we increment
the number of votes in each cell traversed on the unit
sphere. Vanishing points are located at the local maxima
of accumulation.

To implement the method effectively, we need to accu-
rately estimate the frequency-domain angles of the spec-
tral peaks. Here there is a technical problem that must
be overcome. If the window size used in the spectral es-
timator is mis-matched to the spectrum, then there will
be problems of peak defocusing. This is particularly se-
vere for highly inclined surfaces. Since our method relies
on accurate peak localisation, this defocusing can lead
to poor estimates of the spectral angles. We overcome
this problem by employing a spectral window of adap-
tive size. We show how to set the size of the window so
as to minimise the spectral dispersion.

To summarise, the novel contribution offered in
this paper is to pose the problem of recovering the
perspective pose of textured planes as the search for
vanishing points on the unit sphere using Fourier
domain spectral angles. This avoids the need for
iterative optimisation or relaxation methods [4.3].
The method can be regarded as a frequency domain
counterpart of several structural methods. For in-
stance Kender’s [5] agglomerative method uses the
Hough-transform to recover vanishing points from
line textures. Another structural approach to vanish-
ing point recovery is to use the area gradient of the
primitives. A simple version of this idea was re-
ported by Ohta et al. [16] who places strong reliance
on the ability to accurately estimate the primitive
area. A more practical scheme has recently been re-
ported by Kwon [6] who has shown how mathemat-
ical morphology can be used to determine the size
of the texture primitives. However, this refinement
is sensitive to the choice of the structuring element
shape.

The outline of this paper is as follows. In Section 2,
we review the perspective geometry of points on a plane.
Section 3 extends this discussion to the frequency do-
main and shows how the power spectrum can be used
to gauge perspective distortion. In Section 4, we review
the key result underpinning the paper by showing that
lines which radiate from vanishing points connect points
of constant spectral angle. Sections 5 and 6, respectively,
introduce the unit sphere representation and show how
this representation can be combined with our constant
spectral angle property to locate vanishing points. Sec-
tion 7 presents a method for adaptively estimating the
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window size used for spectral estimation. Section 8 pro-
vides experiments on both synthetic and real-world im-
ages. Finally, Section 9 summarises our conclusions and
offers directions for future investigation.

2. Geometry modelling
2.1. Linear perspective projection

We commence by reviewing the projective geom-
etry for the perspective transformation of points on
a plane [17,18]. Specifically, we are interested in the
perspective transformation between the object-centred
co-ordinates of the points on the texture plane and
the viewer-centred co-ordinates of the correspond-
ing points on the image plane. To be more formal,
suppose that the texture plane is a distance 4 from
the camera which has focal length f < 0. Consider
two corresponding points. The point with co-ordinates
Xt = (xt, Vi, 2 )T lies on the texture plane while the cor-
responding point on the image plane has co-ordinates
X; = (x;, vi,xi)'. We represent the orientation of the
viewed texture plane in the image plane co-ordinate
system using the slant ¢ and tilt t angles. For a
given plane, the slant is the angle between viewer
line of sight and the normal vector of the plane.
The tilt is the angle of rotation of the normal vec-
tor to the texture plane around the line of sight axis.
Since we regard the texture as being “painted” on the
texture plane, the texture height z, is always equal
to zero. The local surface geometry is illustrated in
Fig. 1.

Fig. 1. Slant and tilt geometry of a local plane on the surface.

With these ingredients the perspective transformation
between the texture-plane and image co-ordinate systems
is given in matrix form by

Xi ]
_ S
Vil = h—x;sing
Zi |
[cosacost —sinT sinocost Xy 0
X {|cososint costT sinosint | + 10
—sino 0 1 0 h

(1)

The first term inside the curly braces represents the ro-
tation of the texture plane in slant and tilt. The second
term represents the displacement of the rotated plane
along the optic axis. Finally, the multiplying term out-
side the braces represents the non-linear foreshortening
in the slant direction. When expressed in this way, z; is
always equal to f since the image is formed at the focal
plane of the camera. As a result, we can confine our at-
tention to the following simplified transformation of the
x and y co-ordinates

Xi ) }l‘
Vi " h—xsing
[cost —sint} {cosa 0} {xt }
X . (2
sint COST 0 1 W

This transformation can be represented using the short-
hand (x;, yi)" = Tp(x1, y¢)T, where T), is the 2 x 2 trans-
formation matrix. As written above, the transformation
Tp can be considered as a composition of two trans-
formations. The first of these is a non-uniform scaling
proportional to the displacement in the slant direction.
The second transformation is a counterclockwise rotation
by an amount equal to the tilt angle.

The perspective transformation in Eq. (2) can be used
to represent a non-linear geometric distortion of the sur-
face texture pattern onto an image plane pattern. The
methods presented in this paper use the spectral domain
in order to recover the texture distortion in the image
plane. Unfortunately, the non-linear nature of the per-
spective transformation makes the Fourier domain analy-
sis of the texture somewhat intractable. To overcome this
difficulty it is usual to use a linear or affine approxima-
tion of the perspective projection [18-21]. However, it is
crucial that the linear approximation captures sufficient
local information concerning the geometric distortion of

the texture pattern to compute the parameters of surface
orientation.
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In order to proceed, we follow the bulk of the liter-
ature on shape-from-texture and derive a locally linear
approximation to the perspective transformation [18—
21]. The approximation we use can be considered as
a variant of the paraperspective projection [16,19,21].
Paraperspective projections have the advantage of cap-
turing the three main effects of the full perspective
projection: foreshortening, viewing direction and dis-
tance effects. Therefore, the global quilting of the local
approximations preserves the perspective effects re-
quired for recovering shape-from-texture. According
to this linear approximation, the perspective distor-
tion can be represented by the transformation matrix
Tx. The paraperspective projection involves two steps.
First, a point belonging to a given small region is or-
thographically projected along the direction of the line
connecting the focal point of the camera to the centre
of the region. This projection is done onto a hypo-
thetical image plane parallel to the real image plane
and passing through the centre of the region. Second,
the point is then perspectively projected onto the real
image plane. Paraperspective is a region to region
projection. For a more complete discussion on lin-
ear alternatives to the perspective projection see Refs.
[16,19,21].

This linear approximation can be found by perform-
ing a first-order Taylor expansion of the full perspective
transformation matrix 7', defined in Eq. (2). Suppose that
the expansion point for the Taylor expansion on the im-
age plane is X¢ = (x{, ¢)" on the image plane. We de-
note the local co-ordinate system relative to this expan-
sion point on the image plane by X| = (x/, /)" where
x;i=x, +x¢ and y; = y; + y¢. The first-order Taylor ex-
pansion is obtained by computing the Jacobian J(-) of
X; [22]. The required partial derivatives are calculated at
the expansion point X{. After the necessary algebra, the
resulting first-order Taylor approximation in terms of the
slant and tilt angles is

en L
T(Xi) = hfcoso

x{sing + fcostcosa —fsint
e . . (3)
yising + fsintcosa  fcost

where 2= f cos g + sin a(a; cos T + b; sin 7). Hence, the
linear transformation matrix 7% depends only on the ex-
pansion point X¢ = (x¢, y¢)T, which is a constant, to-
gether with the slant and tilt angles, which are the goal of
our analysis. This result is identical to the affine approx-
imation of the perspective projection derived by Krumm
and Shafer [17]. The only difference is that here we rep-
resent the linear approximation in terms of the slant and
tilt angles rather than in terms of the normal vector slope
parameters. A complete derivation of the transformation

i

L

Fig. 2. Surface plane horizon line in a parametric normal form.

specified by the matrix given in Eq. (3) can be found in
Ref. [17].

2.2. Vanishing points and the vanishing line

We now consider the effects of perspectivity on planar
point-sets and the whereabouts of the associated vanish-
ing points. The net effect of the global perspective trans-
formation described in the previous section is to distort
the viewer-centred texture pattern in the direction of van-
ishing points on the image plane [23,24]. Each vanishing
point lies on a line called the vanishing line (%« ) which
is equivalent to the horizon line of the texture plane. Fig.
2 illustrates the geometry of the horizon or vanishing line.
Following the geometry in Fig. 2, the horizon line can be
represented in a parametric normal form by the equation

cos o .
—f g Yo cosT + Yo SinT, (4)
where roc = — fcosa/sino is the length of the normal

from the line to the origin. In Eq. (4), the tilt angle 7 is
the tilt angle of the projected plane subtended between
the normal to the horizon line and the x;-axis. In the di-
agram, Vo = (X0, Vvo )T is the horizontal vanishing point
which is associated with a family of parallel lines in
the tilt direction on the image plane [24]. Provided that
the camera focal length f is known, then Eq. (4) gives
the equation of the vanishing line of the texture plane
in terms of the slant and tilt angles. Using this repre-
sentation of perspectivity, given two vanishing points
Vi =01, Yo )T and V, = (X2, Y2 )T we can directly de-
termine the horizon line %~ and hence the 3-D orienta-
tion of the plane in terms of the slant and tilt angles.
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3. Projective distortion of the power spectrum

In this section we review the Fourier domain proper-
ties of affine transformations. These properties have been
widely exploited in the literature on shape-from-texture
[3,4,25]. Both Krumm and Shafer [3], and Super and
Bovik [4] have used them in the recovery of planar pose
using spectral texture information. It has also been ex-
ploited by Rosenholtz and Malik [25] in their work on
local shape-from-texture.

The Fourier transform provides a representation of the
spatial frequency distribution of a signal. We will com-
mence by using a Fourier domain property of the affine
transformation which has been well known for some time
and which has recently been documented in the archival
literature on the Fourier transform [26]. This property re-
lates the linear effect of an affine transformation A in the
spatial domain to the frequency domain distribution. Sup-
pose that F'(-) represents the Fourier transform of the im-
age. Furthermore, let X be a vector of spatial co-ordinates
and let U be the corresponding vector of frequencies.
According to Bracewell et al. [26], the distribution of
image-plane frequencies Uy resulting from the Fourier
transform of the affine transformation X; =A4X; + B is
given by

1

2njUl 47'B -7
7|det(A)\e F[4™" U] *)

F(Ui) =

In our case, the affine transformation is 74 as given in
Eq. (3) and there are no translation coefficients, i.c.,
B =0. As a result Eq. (5) simplifies to:

1

FU= e

FIT; U (6)

In other words, the effect of the affine transformation of
co-ordinates 74 induces an affine transformation 7' A_T on
the texture-plane frequency distribution [3,18,27]. The
spatial domain transformation matrix and the frequency
domain transformation matrix are simply the inverse
transpose on one-another.

We will consider here only the affine distortion of
the frequency peaks, i.e., the energy amplitude will not
be considered in the analysis. According to the affine ap-
proximation and Eq. (6), the way the Fourier domain
transforms locally is governed by

Ui=T,"U. (7)

Fig. 3 illustrates the distortion of the spectral peaks. The
left panel shows the transformation between the texture
plane and the image plane. The right panel represents
the corresponding distortion of a spectral peak taken in
the local power spectrum. We refer to this angle as the
spectral angle of the frequency peak U;.

Fig. 3. Perspective distortion of the spectral angle. Parallel lines
on the texture plane project to lines radiating from a vanishing
point. In a local power spectrum, the spectral angle transforms
analogously. The spectral angle is the average direction of all
the directions present at that specific point.

4. Lines of constant spectral orientation

We have recently derived an interesting spectral prop-
erty which simplifies the geometry involved in recover-
ing perspective pose from spectral information [8]. The
observation is a simple one. We consider spectral peaks
in the power spectrum of the texture. When given a polar
representation in the frequency domain, then each spec-
tral peak can be characterised by the length of the radius
vector from the origin and the angle between the x-axis
and the radius vector. We have shown that for points
which fall on a straight line which originates from a van-
ishing point, then the frequency domain angle remains
constant [8,9]. Hitherto, we have used this property to
show how vanishing points can be located by finding
correspondences between points of identical spectral an-
gle. Here we aim to use the property to accumulate votes
on the unit sphere using the representation originally de-
scribed by Barnard [15]. For completeness, in this section
we review the derivation of the spectral property.

4.1. Spectral model of vanishing points

We are interested in understanding how the pattern of
spectral peaks in the texture power spectrum is distorted
by perspective geometry as we move across the image
plane. In particular, we are interested in the relationship
between the frequency domain polar angles of the spec-
tral peaks and the positions of the vanishing points of
the projected texture on the image plane. We simplify
our analysis by confining our attention to a texture which
consists of a family of parallel lines. This texture results
in a spectrum which contains a peak with frequency vec-
tor U; = (u;,v,)". The frequency domain angle of this
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spectral peak is f§ = arctan[v;/u;]. The family of lines on
the texture-plane lines has the parametric normal form:

Lp: rp=x:c08 p + ysin f. (8)

We would like to compute the position of the image-plane
vanishing point for this family of lines. To do this we
substitute the equation of the family of texture plane lines
into the perspective transformation of Eq. (2). By tak-
ing the limit of the resulting family of image-plane line
as the texture plane co-ordinates tend to infinity, we can
recover the position of the vanishing point on the im-
age plane. To commence, we note that on the texture
plane the equation governing the family of parallel lines
is yr = (rp—x; cos f)/sin B. Substituting this equation into
Eq. (2) and taking the limit of x; and y; when x; tends
to oo gives us the co-ordinates of the vanishing points in
terms of the unprojected texture spectral angle:

X; sin fcosTcos g — sint(r — x; cos ff)

Xy = lim - -
" oo sin f(h — x;sin o) ’
. X sin ffsinTcos g + cos T(r — x; cos
yo= tim f2 B . + . ( 1 cos )
X—00 sin f(h — x;sing)

)
After taking the limits, the vanishing point location is

(X0, Yo )T = S

= ———(—sinT + tan fcosTcos o
tan f3 sin a( B ’

cosT — tan fsintcosa)’. (10)

The above equation reveals that the location of the van-
ishing point is a function only of the direction of the
original texture, the slant and tilt angles, and, the focal
length of the camera.

4.2. Radiating lines and spectral peaks with constant
angle

After the texture is projected onto the image plane
under perspective geometry, the original texture spectral
peak is transformed into the image-plane frequency vec-
tor U; :(u,-,vi)T. The geometrical meaning is that the
family of parallel lines %y which constitute the original
texture (Eq. (8)) will transform to lines which intercept
at a vanishing point, i.e. lines radiating from a vanish-
ing point. We will call this family of lines #y. Addi-
tionally, the spectral peaks calculated at each region on
the image plane reflect the directional tendency towards

the vanishing point. The polar-angle associated with this
image-plane frequency vector is

o = arctan {ﬂ} . (11)
i

Using, the affine approximation to the perspective pro-
jection of frequency vectors given in Eq. (7), the spec-
tral angle is given in terms of the components of the
texture-plane frequency vector as

fsint 4+ tan f(x;sing + f costcosa)

fcost—tan f(yisino + fsintcoso) |’
(12)

Next we consider the line connecting the point (x;, y;)

and the vanishing point (x,, ). The slope angle of this
line is tan 0 =—(x; —x,)/(yi— yv) and the line has equation

o =arctan {

PLo: rg=xicos 0+ y;sin0. (13)

Using the position of the vanishing point given in
Eq. (10), the equation of the line connecting the two
points is

x; sin o tan 0 4 tan0( y; sin o + £ sin T cos o)

+ f[tan O(cos T cos a — cosT) + sin 7] =0. (14)

Substituting for x; from the above equation into the ex-
pression for the projected polar angle of the spectral-peak
from Eq. (12), it is straightforward to show that
oa=0, Y(xi, yi) € Ly. As a result, each line belonging
to the family %, connects points on the image plane
whose the local spectral distributions have the same
Fourier domain spectral angle «. These lines will in-
tercept at a unique point which is a vanishing point on
the image plane. It is also important to stress that the
system of equations is singular when the point (x;, y;) is
co-incident with the vanishing point. These observations
are pivotal to the development of our new method for
recovering perspective pose.

To provide a concrete illustration, Fig. 4 shows some
examples of the lines of constant Fourier domain spectral
angle computed using the perspective model developed
in this section. In the figure we show examples of the
lines of uniform spectral angle for a sinusoidal texture
with frequency U¢=(0,0.125) at several slant angles.
For simplicity, we illustrate for tilt angle equal to zero.
Fig. 5 shows some local power spectra sampled along

Fig. 4. Lines with same spectral angle together with the sinusoid image for different slant angles.
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Fig. 5. Angular spectral components along lines radiating from
a vanishing point.

two different lines that radiate from the vanishing point
labelled V. The spectra are labelled by capital letters and
are shown in the left-hand panel of the figure. In each
case, the dominant peak frequency is marked by a white
arrow. We have two groups of spectra belonging to two
different straight lines in the figure. The first group is
labelled with the letters A—D while the second group is
labelled with the letters E-H. The main feature to note
from these examples is that while the dominant frequency
peak appears at the same angle within each group, it
appears at different angles in the different groups.

Finally, it is important to stress that our method is only
limited by the need for spectra with distinct and sharply
focused peaks. As we will demonstrate later, this lends
it to a diversity of real world textures.

5. Local spectral frequency under unit sphere
mapping

In this section, we follow Barnard [15] and model
the image plane in terms of spherical co-ordinates by
projecting it onto a unit sphere centred at the optical cen-
tre. This projection simplifies the representation of the
perspectivity of the texture plane and the search for its
vanishing points. The main advantage is that unlike the
image plane, the unit sphere is a closed space
parametrised by the two angles of azimuth, and, zenith
or elevation. Spherical projections of the image plane
have been exploited by several authors [15,28]. How-
ever, they have employed structural representations of
texture. Instead, we use the local spectral frequency to
model texture.

The unit sphere is placed at the focal point and the
image plane lies at a distance f along the optical axis.
Fig. 6 illustrates the projection geometry. As previously
shown in Section 4, for each point on the image plane,
the position (x;, y;) and the measured frequency domain
spectral angle o specify the equation of a line %, ra-
diating from a vanishing point. We can write the equa-
tion of &%, as ry,=x;cosa + y;sina. Each such line,
L, projects onto a great circle on the unit sphere. The
great circles are constructed by intersecting the sphere
by the plane that contains both the line .#, and the cen-
tre of the sphere. Let G, be a radius vector that points
from the centre of the unit sphere to a point on the
corresponding great circle. If the point has azimuth an-
gle ¢ and elevation angle s, then the vector is given

by

G, =(sin@cosy, siny, cos pcos). (15)

Fig. 6. Projecting lines from the image plane onto the unit Sphere.
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Suppose that 7, is the normal vector to the plane which
contains the great circle (shaded plane region in
Fig. 6). This plane is called interpretation plane [15]. The
normal vector of the interpretation plane can be obtained
by choosing two points P; and P, on the line .%,. If p;
and p, are the vectors from the origin of unit sphere to
the points P; and P, then

P1 X P2
oy = (16)
| 211l 1l P21

We choose the two points to be the intersections of the
line Z, with the image-plane co-ordinate axis. As a re-
sult, p; =(0,ry/sina, f) and p, = (rs/cosa,0, f). Fig. 6
shows in the geometry of the plane normal vector /7, and
the great circle generator vector G,. Since the vectors
G, and I,, are perpendicular to one another, they satisfy
the condition G,.I, =0. As a result, the azimuth and el-
evation angles of points on the great circle are related to
the normal distance parameters (7, and o) of the straight
line in the following manner

f(sinotan iy 4 cos o sin @) = r, cos @. (17)

6. Accumulation on the unit sphere

Having established the relationship between spectral
angle and vanishing point location, we are now in a
position to develop an accumulation algorithm on the
unit sphere. We exploit the following two properties
to map the search for vanishing points on to the unit
sphere:

Property 1 (Spectral frequency angle constancy). If
Py is a line radiating from a vanishing point on the
image plane, then every local spectral distribution taken
at points belonging to %y will have a constant spectral
angle o. Conversely, each spectral angle o estimated
from a local frequency distribution on the image plane
specifies the equation of a line ¥y which radiates from
a corresponding vanishing point.

We can now exploit Property 1 to directly relate the
local spectral angle to the equations of the great circles
on the unit sphere. Using the equality between the angles
0 and o and using the expression for a great circle in Eq.
(17), we find

f cosasin g — rygcos @
fsina '

(18)

Y = — arctan

Property 2 (From spectral frequency angles to great
circles). Each spectral angle o estimated from the local
frequency distribution centred at a point on the image
plane maps to a great circle on the unit sphere. When
several great circles intercept on the unit sphere, then the
corresponding image-plane spectra will have originated
from a common vanishing point.

This property is a direct corollary of Property 1. With
this relationship to hand, we can now approach the prob-
lem of finding multiple vanishing points in a more robust
way. Property 2 allows us to solve the two main prob-
lems of correspondence and unbounded search space. To
proceed, in the following subsections we describe the
technical details of our new method. The procedure for
obtaining the slant and tilt angles from vanishing points
is as follows:

e compute the local power spectra at a number of loca-
tions on the image plane.

e cach spectral peak at each image location is trans-
formed to a great circle on the unit sphere by comput-
ing its interpretation plane.

e the great circle intercepts on the unit sphere are com-
puted using the Hough accumulation method outlined
in the next section of this paper.

e the locations of the two most significant vanishing
points are found by searching for accumulation max-
ima on the unit sphere.

e the vanishing points are back projected onto the image
plane.

e the vanishing line is reconstructed and the slant and
tilt parameters are estimated using Eq. (4).

6.1. Sampling the angles of the spectral peaks

To compute the spectral angle distribution, we require
a way of sampling the local power spectrum. In particular
we need a sampling procedure which provides a means
of recovering the angle of the peaks of the power spec-
trum. We accomplish this by simply searching for local
maxima over a filtered representation of the local power
spectrum. We are interested in the dominant angular in-
formation rather than the entire frequency content of the
power spectrum. As a result, we can ignore the very low
frequency components of the power spectrum since these
mainly describe micro-texture patterns or very slow en-
ergy variations [29]. We also filter the very low energy
content of the spectrum. The very low energy component
corresponds to weak line directions in the image. We
are interested in only the most representative directions
in the image. Another option for sampling the spectral
peaks would be to use a bank of Gabor filters [18,29].
However, this procedure is time-consuming and would
require a bank of filters with very fine angular coverage.
In practice, this simple and direct search for local max-
ima throughout the image works well. We can use as
many distinct spectral peaks as we can locate. However,
a two-component decomposition is sufficient for our pur-
poses.

We extract angular decompositions for the local power
spectra at several locations on the image plane. The im-
age sampling is done over a rectangular region over the
portion of the image plane containing the texture. Since
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Fig. 7. Illustration of the image plane sampling procedure.
Local power spectra are taken over a rectangular grid on the
image plane. Each cross in the image represents the position
where a local power spectrum is calculated.

¢

Fig. 8. Accumulating votes for vanishing points on the unit
sphere.

the method is based on voting, sampling outside the tex-
ture region is not a problem. For a given plane, the pres-
ence of more than one type of texture is also not a restric-
tion. If the texture is periodic and sufficiently regular, the
spectral angles distort in the same way for every texture
inside the plane region. Fig. 7 illustrates the sampling
process for a rectangular region.

6.2. Quantisation of the voting space

Using Eq. (18), we accumulate evidence for the inter-
sections of great circles on the unit sphere. To do this
we quantise the unit sphere into accumulator cells of ap-
proximately equal area. Each great circle is traced across
the unit sphere and the vote count is incremented each
time it crosses a new accumulator cell. Vanishing points
are located in cells which have accumulated local voting
maxima. Fig. 8 illustrates this process. In the figure, the
intersection points corresponding to the vanishing point

locations are marked by white crosses. Once two or more
intersection points are located, then the perspective pose
of the plane can then be determined.

However, before we proceed we need to consider the
discrete nature of the accumulation space in more detail.
The unit sphere cannot be directly mapped onto a dis-
crete rectangular accumulation space. This creates some
practical difficulties for the line intersection process. For
example, some lines may never intercept even when they
would do so in the continuous case. Several solutions
have been proposed to this problem. These include choos-
ing different shapes for the accumulator cells and using
probabilistic models of the mapping error [11-13]. There
are also other ways to solve the problem. For instance,
we could borrow ideas from cartography and use a Mer-
cator projection or an equal area tessellation of the unit
sphere.

We follow Barnard [15] and solve the problem by
using a quadratic interpolation of the line around the
neighbourhood of each point. As a practical consequence,
the projected lines in the accumulation space become
“thicker” or blurred around surrounding cells. Moreover,
since our problem is one of shape-from-texture, we as-
sume that there is adequate texture information available
to extract a large enough sample of line directions. As a
result, once the quadratic interpolation is complete, the
voting process is not affected significantly by the shape
of the accumulation cells.

6.3. Searching for the maxima

After accumulating the votes, we need to search for
cells of maximum contents. The position of the cells that
contain significant numbers of votes are the locations
of the most likely representative vanishing points in the
image. As noted in Section 2.2, we need to select at least
two vanishing points to recover the parameters of the
planar perspective projection. We do this by selecting
the two most populated cells in the accumulation space.
At this point, some practical problems with the discrete
nature of the accumulation space can arise. It may occur
that the same vanishing point is distributed around two or
more neighbouring cells. In order to avoid this problem,
and also to simplify the search, we proceed in a two-step
manner. First, we find the location of the cell that contains
the largest number of votes. Next, we eliminate from the
accumulator the entire set of lines that intercept within
a small radius of this cell. We then repeat the process
again to find the location of the cell that contains the next
largest number of votes.

7. Spectral focusing

Before we can proceed to estimate accurate perspec-
tive pose there is a chicken and egg problem which needs



2150 E. Ribeiro, E.R. Hancock | Pattern Recognition 35 (2002) 2141-2163

to be solved. Before reliable local spectra can be esti-
mated, there needs to be an estimate of the local distor-
tion of the texture so that the size of the spectral win-
dow can be set. However, this local distortion is, af-
ter all, the ultimate goal of our analysis. The problem
stems from the fact that if the window size is incorrectly
set then the local estimate of the texture spectrum be-
comes de-focussed. This defocussing has serious impli-
cations for shape-from-texture. Most methods for recov-
ering perspective pose or determining surface shape rely
on finding spectral correspondences [3,18,27]. If the local
spectrograms become de-focussed, then the process of
matching corresponding spectral peaks can frustrated by
de-localisation or merging. This problem is most marked
for texture planes that are subjected to severe perspective
foreshortening.

There are two important counterexamples. Garding
and Lindberg [30] address the scale problem by em-
ploying a scale-space decomposition over the structural
primitives. Stone and Isard [31] have a method which
interleaves the adjustment of local filters for adaptive
scale edge detection with the estimation of planar orien-
tation in an iterative feedback loop. Although this pro-
vides a means of overcoming the chicken and egg na-
ture of the estimation problem, it is couched in terms of
structural textures and is sensitive to initialisation. The
aim in this section, on the other hand, is to improve
the accuracy of perspective pose estimation by provid-
ing a means of adaptively and locally setting the size
of the spectral window. The work commences from a
spectral domain analysis where we show that there is a
critical window size that minimises the degree of defo-
cussing. In order to provide a way of locally estimat-
ing this window size, we turn to the covariance ma-
trix for the two components of the texture spectrum.
Our search for the optimum window size is guided by
the bias-variance structure of the covariance matrix. The
size of the local spectral window is varied until the
determinant of the spectral covariance matrix is min-
imised.

7.1. Unidimensional texture gradient

We now turn our attention to the effect of perspective
foreshortening on the frequency contents of the texture
plane. To simplify our analysis we confine our atten-
tion to the line of maximum texture gradient. This line
points in the tilt direction. Without loss of generality, we
can assume that the line in question is aligned with the
x-axis in both the image and texture plane co-ordinate
systems. From Eq. (2) the relationship between the two
co-ordinate systems is given by

_ fxicosa
h—x;sing’

(19)

Xi

X X

Fig. 9. Simplification of the geometric model for perspective
projection.

while the inverse transformation is

x,'h

== 2
N xisino + fcosa (20)

As a result the perspective distortion of the 1-D texture
signal depends only on the slant angle. The geometry of
the 1-D perspective projection is shown in Fig. 9.

Now consider a simple image model in which the tex-
ture is represented by the following sinusoidal variation
in intensity on the texture plane

1(x;) =cos(2mwoxt), (21)

where o, is the frequency of the texture pattern. Using
Eq. (20) the projected version of the texture pattern in
the image plane is given by

xih )} . (22)

1 "(xi)= 2 o\ —

(xi) = cos { e (x,- sing + fcoso

The local frequency content is a function of the para-
meters of the 1-D perspective projection, i.e. the height
h, focal length f and slant angle o, together with the
position on the image plane, i.e. x;. This function is given
by

WoXih

Qx))= ———""———.
(xi) xisino + fcoso

(23)
The texture gradient is related to the spatial derivative
of the instantaneous frequency at the position x; via the
formula

0Q(x;) fhw, cosa
ox;  (xisinc+ fcosg)?’

Q'(xi)= (24)
This 1-D texture-gradient model is similar to a linear
FM chirp waveform. The finite chirp waveform is a
time-varying signal whose the frequency increases or de-
creases as a linear function of time. In our case, however,
the perspective projection imposes a non-linear rate of
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Fig. 10. (a) Texture gradient as a time varying signal. (b) Time varying instantaneous frequency.

variation for the frequency with time. However, when
tan o < f/x; then the frequency modulation follows the
approximate linear form

hwy 2x;tan

Q)= feoso | f

(25)

Fig. 10 illustrates the plot of the 1-D texture gradient
represented by Eq. (22). The rate of change for the fre-
quency in terms of time is also shown in Fig. 10.

The chirp is a non-stationary signal. Its spectral density
covers a broad band of frequencies which vary in time. In
other words, it has an evolutionary broad band spectrum.
In order to analyse signals of this form, one approach is
to minimise the observation period while maintaining a
reasonable spectral resolution [32]. The Fourier spectrum
of a broad band signal is continuous and covers a wide
range of frequencies. At this point, it is important to
point out an important limitation of the Fourier transform.
When the signal is periodic and sufficiently stationary, the
Fourier coefficients converge quickly. Unfortunately, this
is not the case for non-stationary signals. As a result the
Fourier transform itself is not satisfactory for analysing
signals whose spectra vary significantly with time.

7.2. Windowing

When analysing signals of a non-stationary nature, it is
often important to understand the correlation between the
time domain and frequency domain representations of the
signal. The Fourier transform itself, provides information
about the frequency domain. However, the time localisa-
tion of the frequency information is essentially lost in the
process of computing the Fourier transform. Another rep-
resentational difficulty that can arise for non-stationary
signals is related to uniqueness. Two non-stationary sig-
nals that have completely different periodicity can pro-
duce very similar spectra. As a result, Fourier analysis
alone is insufficient to represent time-varying signals.

An alternative is to perform a time-spectral analysis. A
non-stationary signal is divided into a sequence of time
slices within which the signal is quasi-stationary. This
is the idea exemplified by the short-time Fourier trans-
form of Gabor [33]. This method uses a sliding-window
Fourier transform. The relationship with the conventional
Fourier transform is captured by the following definition

Fo,t:) = F{g(t — ;) x f(1)}, (26)

where g(t — t;) is a short-time window which has a fixed
width shifted along the time axis by an amount .

This window operation allows us to locally analyse
the spectral energy content of a signal over a given time
interval. If the window width is sufficiently small, then
its spectral content can be approximated by the instanta-
neous frequency at the centre point of the window. The
instantaneous frequency at a specific time is given by the
derivative of the angular argument of the signal at a fixed
time. Eq. (22) represents a non-linear chirp waveform
whose instantaneous frequency varies linearly with time.
The instantaneous frequency is given by Eq. (24). Using
the Fourier duality theorem, in the time domain the win-
dowing operation is equivalent to a frequency domain
convolution of the Fourier transform of the signal with its
windowing function. This convolution introduces a blur-
ring or defocusing in the Fourier domain. The amount
of defocusing is inversely proportional to the width of
the windowing function. It originates from the main lobe
broadening introduced by the windowing function.

7.3. Defocusing

We will now provide an analysis of the blurring of
the frequency domain spectrum which results from the
windowing process. Consider the effect of windowing
the signal given in Eq. (22) with a rectangular window
function of width T'. The spectral bandwidth is the range
of spectral content enclosed under a specific time interval.
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Fig. 11. Time-bandwidth plot for a rectangular window of
size T together with time-bandwidth plot for the 1-D texture
gradient window of size T
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Fig. 12. Variation of the spectral defocusing in terms of the
window width 7.

Using Eq. (24), the spectral bandwidth of the 1-D texture
gradient for a given window of width T is given by:

fhw,cosa

B=2xQ(T)=2 .
x 2(T) (Tsino + fcoso)?

(27)

In other words, the signal can be compressed into a time
interval of length of 1/B. However, we must add the
excess bandwidth introduced by the windowing opera-
tion. Here there are two opposing effects. The spectral
bandwidth of the signal decreases with the window size.
The excess bandwidth, on the other hand, increases as
the window size decreases. This is basically the tradeoff
of time-localisation and frequency-resolution. These two
effects are illustrated in Fig. 11. According to the figure
we have the bandwidth B extended by an excess due to
the window main lobe contribution. The aim here is to
minimise the defocusing due to the band excess while re-
ducing the size of the window. In Fig. 12 we show a plot

of the signal defocusing as a function of the window size
T. The minimum corresponds to the optimum window
size for the given bandwidth of the non-stationary signal.

This analysis suggests how we might reduce the de-
focusing of the Fourier spectrum by adapting the width
of the local data window. The optimum size is reached
when the blurring of the local spectrum is minimised.
This optimum window width itself leads to an optimum
estimation of the instantaneous frequency of the signal
at a specific point. The idea underpinning this paper is to
exploit this property to develop an unsupervised adaptive
version of the short time Fourier transform. We aim to
exploit the method to avoid the defocusing of the spec-
tral representation and hence provide accurate estimation
of the local spectral frequency.

7.4. Minimising the defocusing of the local 2-D
spectral distribution

At this point we are ready to extend our unidimensional
analysis to the two-dimensional analysis of textured im-
ages viewed under perspective geometry. To achieve this
goal we analyse the texture gradient using local estimates
of the power spectrum based on a quilt of patches on the
image plane. The 2-D spectral defocusing in modelled
using the covariance matrix to describe the dispersion of
the spectral distribution. In this way we can determine
the degree of blur in the spectral energy.

We commence by defining our local spectral estima-
tor. In order to obtain a smooth spectral response we use
the Blackman—Tukey (BT) power spectrum estimator.
This is defined to be the frequency response of the win-
dowed autocorrelation function. We employ a triangu-
lar smoothing window w(X) due to its well documented
spectral stability [34]. The spectral estimator is then

P(U;)pr = F {r«(X;) x w(Xj)}, (28)

where 7y, is the estimated autocorrelation function of the
image patch. To find the optimally sized spectral window,
we require a measure of spectral dispersion. Here we use
the covariance matrix for the two spectral components.
Formally, the matrix is defined as follows

Ty=E[(U; — 0)(U; = p)'] and p=E[U;].  (29)

The eigenvalues 4; and A, of the spectral covariance
matrix are maximum and minimum values of spec-
tral variance in an orthogonal co-ordinate system. The
co-ordinate system is aligned in the direction of maxi-
mum spectral variance. If we regard the two eigenvalues
as representing the two radii of a spectral ellipse, then
the spectral area is equal to

A:gmz:%m. (30)
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Fig. 13. Experimental plot of |2y/| over increasing scale. The
minimum of the distribution indicates a suitable choice for the
size of the spectral analysing window.

We locate the optimal spatial domain sampling window
by varying its size until the spectral area, i.e. the deter-
minant of the spectral covariance matrix, is minimised.
This in turn ensures that the dispersion, or defocusing,
of the spectral moments is minimised.

7.5. Examples

In this section we provide some experiments with the
new scale adaptation method. We commence in Fig. 13
by showing a plot of the measure of spectral dispersion,
i.e. |Zy| as a function of the size of the spatial window.
Notice that the curve has a deep minimum. The curve
also has the same gross structure as the defocusing curve
shown in Fig. 12.

To proceed, we illustrate how the adaptive window
responds to increasing perspectivity. In each panel of

Fig. 14, the left hand image shows an artificial planar tex-
ture surface when oriented at various slant angles to the
camera viewing direction. In each case there is a clear
variation in the density of the texture primitives over the
images. This variation occurs mainly in the tilt direc-
tion, which is also the direction of the texture gradient.
Superimposed on the images are the areas of the local
windows which minimise the determinant of the spectral
covariance matrix. One feature to note is that each win-
dow contains approximately the same number of texture
primitives. This is an important feature since the energy
relationships between the image patches can only be pre-
served under scale consistency.

Turning our attention to the estimated spectra, Fig. 14
illustrates the defocusing produced by a poor choice of
window length. The figure shows the spectra estimated
at the marked positions on the planes. In each panel the
top row shows the results obtained using a fixed size
window, while the lower row shows the spectra obtained
with the adaptive window.

We now furnish some results produced when our
shape-from-texture algorithm is applied to real-world
textures [35]. Fig. 15 shows three textures taken from
the Brodatz album [36]. The images shown are projected
at 45° of slant. The marked patches again correspond to
the optimal local spectral windows.

The final piece of experimentation aims to illustrate
the utility of the new method in improving the accuracy
of perspective pose estimation. Table 1 compares the
estimated perspective parameters with ground truth for
the artificial textures shown in Fig. 14. The main feature
to note from this table is that if we use the adaptive
spectral window, then we can recover accurate estimates
of slant and tilt even when the planes are highly inclined.
Table 2 presents the estimated perspective parameters
for the three Brodatz textures shown in Fig. 15. From

Fig. 14. Estimated scales for rectangular windows for several views of a texture plane. The corresponding spectral response is shown
on the right of each figure. First row: fixed scale estimator; Second row: adaptive estimator. Increasing slant angles at 10°, 30°,

60° and 80°.
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(a)

(b)

Fig. 15. Estimated scales for rectangular windows for Brodatz textures at 45° slant. (a) D14—aluminium wire; (b) D21—French

canvas; (c¢) D36—Lizard skin.

Table 1
Estimated values for slant and tilt (artificial textures)

Images Using fixed scale Using adaptive scale

Actual values Estimated values Abs. error Estimated values Abs. error

o T a T ex [ g T € er
(a) 10 0 12.0 0.0 2.0 0.0 9.8 0.0 0.2 0.0
(b) 30 0 27.5 0.0 25 0.0 29.5 0.0 0.5 0.0
() 60 0 62.1 1.0 2.1 1.0 59.4 0.0 0.6 0.0
(d) 80 0 73.4 2.7 6.6 2.7 80.4 0.2 0.4 0.2
Table 2
Estimated values for slant and tilt (Brodatz Textures)

Images Using fixed scale Using adaptive scale

Actual values Estimated values Abs. error Estimated values Abs. error

g T a T er er g T s e
(a) 45 0 41.6 2.0 3.4 2.0 46.5 -1.0 1.5 1.0
(b) 45 0 47.0 -0.9 2.0 0.9 44.5 -1.0 0.5 1.0
(c) 45 0 73.4 -10.9 28.4 10.9 55.3 9.0 10.3 9.0

these results we see improvements in the pose parameter
estimates even for non-regular textures.

8. Experiments

In this section, we provide some results which illus-
trate the accuracy of planar pose estimation achievable
with our shape-from-texture algorithm. This evaluation
is divided into three parts. We commence by consid-
ering textures with known ground-truth slant and tilt.
This part of the study is based on both synthetic tex-
tures and projected Brodatz textures [36]. The second
part of our experimental study focuses on natural texture
planes where the ground truth is unknown. In order to
give some idea of the accuracy of the slant and tilt es-

timation process, we back-project the textures onto the
fronto-parallel plane. Since the textures are man-made
and rectilinear in nature, the inaccuracies in the estima-
tion process manifest themselves as residual skew. Fi-
nally, we provide a sensitivity analysis to establish the
operating limits of the new texture-plane pose estimation
algorithm.

8.1. Synthetic texture planes

We commence with some examples for a synthetic reg-
ular sinusoid texture. Fig. 16 shows the synthetic texture
in a number of poses. Superimposed on the textures are
some of the detected lines radiating from the vanishing
points. In Table 3 we list the ground truth and estimated
orientation angles. Also listed is the absolute error. The
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Table 3
Actual x estimated slant and tilt values (artificial images)
Actual Estimated Abs. Error
(o) (7) (a") () (d") (")
(a) 20 0 20.4 0.0 0.4 0.0
(b) 30 =30 29.4 -29.4 0.6 0.6
(c) 45 45 452 455 0.2 0.5
(d) 50 225 50.1 2244 0.1 0.6
(e) 60 280 59.6 278.8 0.4 1.2
) 70 0 70.5 —-04 0.5 0.4
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Fig. 16. Artificial textures—sinusoidal texture and detected
radiating lines.
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Fig. 17. Projected Brodatz textures. (a) and (b) D101; (b) and
(c) DI1; (d) and (e) D20.

agreement between the ground truth and estimated val-
ues is generally very good.

A second group of images is shown in Fig. 17. In this
group we have taken three different texture images from
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Fig. 18. Back-projected Brodatz textures. (a) and (b) D101;
(b) and (c) DI1; (d) and (e) D20.

the Brodatz album and have projected them onto planes
of known slant and tilt. The examples here are regular
natural textures of almost uniform element distribution.
Superimposed on the projected textures are the estimated
lines radiating from the corresponding vanishing points
as given by our algorithm. Fig. 18 shows the back pro-
jection of the images onto the recovered texture plane. In
most cases there is little residual perspective distortion.
The values for the estimated orientation angles are listed
and compared with ground truth in the Table 4. The main
feature to note is that the method performs well even
when the texture plane is highly inclined.

8.2. Real world examples

This part of the experimental work focuses on real
world textures with unknown ground truth. The set of
real world experiments focuses on recovering the van-
ishing points for large man-made planar objects. The
images are provided by indoor views of our lab and
views of skyscrapers collected from the internet. These
images contain both texture information and bounding
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Table 4
Actual x estimated slant and tilt values (Brodatz textures)
Actual Estimated Abs. Error
(o) (7) (a") () o v
(a) 30 0 31.0 0.0 1.0 0.0
(b) 50 225 51.2 224.1 1.2 0.9
(c) 30 0 28.1 0.0 1.9 0.0
(d) 45 45 42.7 453 23 0.3
(e) 30 -30 29.6 —32.0 0.4 2.0
(€3] 60 120 58.8 117.8 1.2 22
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Fig. 19. Lab scenes and skyscraper images.

rectangles that can be used to confirm by visual inspec-
tion the direction of the vanishing point. These lines are
not used in the analysis. For instance in the indoor scenes
there are rectangular beams and gantries which converge
to the vanishing point. In the skyscraper images, the sides
of the planar faces can be used to confirm the accuracy
of the vanishing point.

In Fig. 19 we show the reconstructed perspective
planes superimposed on the original images. There are
several examples of both the indoor scenes and the
skyscraper images. The textures used in the analysis are
quit varied. For instance, in the indoor scenes there are

rectangular ventilation ducts on the roofing and webbing
on the gantry. The skyscraper textures are largely com-
posed of rectangular window patterns. The planes are
visualised by drawing radial lines from the vanishing
point. In all cases, the reconstructed radial lines from the
vanishing point match the bounding rectangles. In other
words, the reconstructions are good.

8.3. Effect of texture irregularity

We now turn our attention to measuring the sensitiv-
ity of the method on synthetic images. We commence by
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Fig. 20. Adding increased amounts of white noise to a sinusoidal texture.

Fig. 21. Sinusoidal images: local power spectra.

assessing the ability of the method to recover reliable
slant and tilt information under increasing degradation of
the texture regularity. Here we have generated synthetic
textured surfaces and have disturbed the texture regular-
ity in a controlled manner.

We use the ground-truth vanishing point location to
investigate the systematics of the error in the estimated
plane orientation. In this way we measured the sensitiv-
ity of our method to imperfections in the regularity in the
texture. In common with most of the shape-from-texture
methods reported in the literature, our method is based
on the assumption that local texture planes are homoge-
neously painted with regular textures. We have investi-
gated with the effect of disturbing the regularity of the
texture in both the frequency domain and the spatial do-
main.

8.3.1. Frequency irregularity

In the frequency domain, we have added white noise,
i.e. noise with a uniform frequency distribution, of in-
creasing amplitude to the texture. Fig. 20 shows the ef-
fect of adding increased amounts of white noise to a
sinusoidal texture. Note that we add the noise to the
dominant frequency component of the sinusoid. In this

way we create local irregularities that will directly affect
the local structure of the spectral distribution of the tex-
ture. In this part of the experiment we increase the noise
level in the range of 0 to 22 per cent of the original fre-
quency value. The degradation of the texture shows itself
as ripples on the surface of the image. In order to illustrate
the degradation, also in the frequency domain, in Fig. 21
we show the corresponding power spectra for each tex-
ture in Fig. 20.

In this sequence of power spectra there are two main
frequency peak directions (together with their spectral
reflections). The added white noise degrades the spec-
tral information by creating extra frequency components.
The noise also shifts the position of the peaks. This
degradation becomes significant in Fig. 21(j) when the
noise level (i.e. the ratio of the amplitude of the added
white noise and the amplitude of the sinusoid) exceeds
12%.

The perspective projections of the randomised textures
with slant and tilt angles of 45° are shown in Fig. 22.
From these images it is clear that the apparent perspec-
tivity is sharply affected by the irregularity of the tex-
tures. For example, by visual inspection, the perspectivity
becomes severely distorted in Figs. 22(g)—(m).



2158 E. Ribeiro, E.R. Hancock | Pattern Recognition 35 (2002) 2141-2163

Fig. 23. Detected radiating lines.

In Fig. 23 we show the perspective poses recovered
using our Hough-based vanishing point location method.
In the figure we show each recovered texture plane. The
set of lines radiate from the horizontal and vertical van-
ishing points. As expected from the observed degrada-
tion of the corresponding power spectra, our algorithm
fails once the noise level reaches 12%. Figs. 23(j)—(m)
illustrate the behaviour of the method after the onset of
failure.

8.3.2. Spatial location irregularity

To complement this frequency domain study we have
also investigated the effect of spatial domain texture ir-
regularity. In the spatial domain, we have investigated the
effect of randomising the positions of the texture primi-
tives. We do this by adding a random displacement sam-
pled from a two-dimensional circularly symmetric Gaus-
sian distribution of zero mean and known variance. In
Fig. 24, we show the effect of increasing the noise vari-
ance on the distribution of texture primitives. The corre-
sponding power spectra for each texture in the figure are
shown in Fig. 25. Again, we see the effects of increasing
the irregularity in the location of the texture primitives.

In the sequence, we observe that the individual peaks
not only merge together, creating clouds of peaks, but
also the overall frequency structure of the texture spec-
tra degrades. This collapse of the frequency content is
a result of increasing the gap spacing between the tex-
ture primitives. The overlap of the texture primitives also
contributes to the decrease of the total frequency energy.

The perspective projections of these textures are
shown in Fig. 26. Again, we have projected the noise
corrupted, i.e. irregular, textures onto a plane whose
slant and tilt angles are both equal to 45°. In this ex-
ample, it is interesting to notice that we still perceive
the sensation of perspectivity from the images in the se-
quence shown in Fig. 26. This may be attributable to the
fact that the area gradient is invariant to the positional
irregularity of the texture primitives [2,37]. The random
Gaussian noise in the locations of the texture primitives
does not mimic perspective distortion. As a result, the
density gradient of the primitives is not affected. How-
ever, our method is based on measurements that reflect
the dominant directions of the texture. These domi-
nant directions are severely affected by the positional
noise.
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Fig. 26. Projected circular primitive images.

Fig. 27 shows the lines that radiate from the vanishing
points superimposed on the texture planes. The breaking
point of the algorithm occurs once the ratio of the stan-
dard deviation of the displacement error to the inter-point
distance becomes larger than 10%.

In Fig. 28 we plot the effect of the spatial domain and
frequency domain noise on the error in the recovered
vanishing point locations. The plot shows the measured
error in the horizontal vanishing point location for the si-

nusoidal textures shown in Fig. 22. Here the method de-
grades once the amplitude of the white noise exceeds 12%
of the amplitude of the original sinusoidal frequency.
Fig. 28(b) repeats this experiment for the spatial-domain
texture shown in Fig. 26. The plot shows the vanishing
point location error as a function of the standard devia-
tion in the random spatial displacement error. Here the
method recovers good estimates of the vanishing point
location provided that the ratio of the standard deviation
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Fig. 27. Estimated radiating lines.
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Fig. 28. Sensitivity plots.

of the displacement error to the inter-point distance does
not exceed 10%.

8.4. Sensitivity analysis

Finally, we provide some comparison between our
new method and two alternatives. The first of these is
a conventional gradient-based method [35]. The second
method uses a fixed-size window together with the unit
sphere representation. In this analysis we investigate the
behaviour of the estimated orientation with varying slant
and tilt angles. We use a sinusoidal image texture of the
sort used in Fig. 16.

We commence by studying the errors for the slant and
tilt angle estimation when only the slant angle varies.
The graphs in Fig. 29 plot the slant and tilt errors when
the orientation varies from 10° to 80° and the tilt angle
remains constant at 0°. The solid line is the result of ap-
plying our new method for perspective pose estimation
(this algorithm uses both the unit sphere and an adap-
tive spectral window). The dotted curve is the result ob-
tained when the size of the spectral window is kept con-
stant. Finally, the dashed curve is the result of using an

image-plane texture gradient method. Fig. 29(a), shows
the slant error as a function of the slant angle. The main
feature to note from this plot is as follows. Irrespective
of whether the adaptive or fixed windows are used, at
small slant angles the search of the unit-sphere outper-
forms gradient-based search of the texture plane. Specif-
ically, the unit sphere gives slant errors of a few tenths
of a degree, while texture gradient gives errors of the or-
der of a few degrees. When the adaptive window is used,
then the slant error is approximately constant. However,
at large slant angles the fixed-size window gives a slant
error of about 3° while the texture-plane method has an
average slant error of 9.5°.

Fig. 29(b) shows the tilt error as a function of slant
angle. In the case of search of the unit sphere with an
adaptive spectral window, the error increases slowly with
slant angle. However, it is never more than a few tenths
of a degree. When a fixed size window is used, then
the same pattern emerges. However, the error is now
slightly larger. Finally, the texture-plane method gives
very poor errors for both small and large slant angles.
The poor performance at small slant angles is attributable
to problems associated with vanishing texture gradient.
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Fig. 29. Slant/tilt error plot for both methods. Slant varying from 10° to 80°. (a) Slant error; (b) Tilt error.
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Fig. 30. Slant/tilt error plot for both methods. Tilt varying from 0° to 170°. (a) Slant error; (b) Tilt error.

In Fig. 30 we show the estimation error under varying
tilt and fixed slant angle. The tilt varies over the range
from 0° to 170°, whilst the slant angle remains constant
at 40°. In Fig. 30(a) we show the slant error. When the
unit sphere representation is used, the error is typically
a few tenths of a degree. Since we are working at mod-
erate slant angle, the error obtained with adaptive win-
dow is consistently slightly lower than that obtained with
a fixed size window. By contrast, the average error for
the gradient method is 13°. In Fig. 30(b) we plot the
tilt error as a function of tilt angle. There is little struc-
ture in this plot. Moreover, there is little to distinguish
the three methods. The average tilt error for the texture
plane method is 2.8°. The use of the unit sphere with a
fixed size spectral window results in an average tilt error
of 2.4°. When the adaptive window is used, the average
tilt error is 1°.

9. Conclusions

We have described an algorithm for estimating the per-
spective pose of textured planes by projecting spectral
information onto the unit sphere. We exploit the fact that
the local spectral components are oriented in the direc-
tion of vanishing points. As a result each estimated spec-
tral component can be mapped onto a great circle of the
unit sphere. Vanishing points are characterised by loca-
tions at which several great circles intercept. Based on
this observation, we pose the problem of estimating per-
spective pose as that of searching for accumulator cells
of maximum contents on the unit sphere. The method
is illustrated to operate effectively on both synthetic im-
agery with known ground truth and on a wide variety of
real-world textured planes. One advantage of the method
is that it does not rely on potentially unreliable estimates
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of texture gradient to constrain the tilt angle. Moreover,
we overcome problems of poor parameter estimation at
large slant angles by adapting the size of the spectral
window using the spectral covariance matrix. As a result
the estimated slant and tilt angles are more accurately
determined.

There are a number of ways in which the ideas pre-
sented in this paper can be extended. Our next step is to
consider how the method can be applied to curved sur-
faces, using the method to estimate local slant and tilt
parameters. Studies aimed at developing these ideas are
in hand and will be reported in due course.
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